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Circular Measurement Data Modeling and Statistical

Processing in LabView

Yury V. Kuts

National Aviation University
Kiev, Ukraine
E-mail: ivs@nau.edu.ua

Abstract — The paper represents methods and the software for
modeling and statistical proceeding of some common circular
data analysis tasks. These tasks include computation of sample
circular estimates such as mean direction, median, mode,
variance, range, trigonometric moments, skewness, kurtosis and
their confidence intervals.

Keywords-random circle, bootstrap, approximation, Johnson
distribution, generation, confidence interval, sample circular
characteristic

L INTRODUCTION

According to national and international standards
measurement results must include accuracy characteristics. The
most widespread of them are expanded uncertainty or
confidence interval [1].

The currency of this issue is caused by expanding number
of tasks which can be solved by statistical circular analysis
methods in such areas as economy, meteorology, geodesy,
physics etc. Besides the most well-known packages for
engineering calculations such as MathCad, MatLab, LabView
do not contain functions for solving  problems of
statistical circular measurements data processing. Furthermore
these program packages do not contain random circular data
generators with circular distributions — von Mises, wrapped
distributions family etc. For these reasons the possibilities
of computer measurement experiments with random circles are
limited.

Statistical processing of circular data measurement results
software development is the main purpose of the paper.

According to the purpose of the paper, the software must
provide:

1. Different probability densities random circular data
simulation.

2. Hypothesis tests on von Mises, wrapped normal and
uniform distributions.

3. The
computation.

main circular sample statistical estimates

4. Confidence interval estimation for circular mean and
median directions.
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II.  SIMULATION

Circular data simulation is the necessary part of computer
experiment. The main circular distributions are: uniform, von
Mises, wrapped normal, wrapped Cauchy, cardioid, triangular,
wrapped Levy etc. Denoted probability densities random
circular data can be simulated by inverse function method. The
method depends on obtaining the continuous random value
with the distribution function F' (x) from interval x e (— oo,oo)

by functional transformation of the random value with uniform
distribution in values o & [0,1]

§=F"(a). )

where F' _1(0) is inverse function F(x). Considered, that
F_l(ot) exists.

Figure 1 shows the realization of random circle sample
from cardioid distribution in polar coordinates.

III.  HYPOTHESIS TESTS

The proceeding method selection can have obvious
difficulties on small sample sizes. Therefore the proposed data
proceeding software includes the hypothesis tests of uniformity
and symmetry and tests on von Mises and wrapped normal
distributions. They are: the Rayleigh test for uniformity [2],

270
Figure 1. Realization of random circle sample from cardioid
distribution in polar coordinates
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Pearson's chi-square tests on von Mises and wrapped normal
distributions, Kolmogorov test on wrapped normal
distributions.

IV. CIRCULAR SAMPLE STATISTICAL ESTIMATES

The main circular sample statistical estimates are [2, 3]:

e The sample circular mean direction:
— S n . .
0 :{arcth+5{2—(szgnS)-[l+szgnC]}; 2)

e The mean resultant length:

r=vC? 452 3)
e  Sample circular variance:
V=1-r. 4)

e Sample standard deviation:

c=+-2In(1-V) =+/—2Inr. (5)

e A sample circular median direction 6 of angles
0y,....0 s 1s any angle ¢ such that half of data points
lie in the arc [¢,¢+m), and the majority of the data
points are nearer to ¢ thanto ¢p+m.

e  The circular range is the length of the smallest arc
which contain all the observations.

e Mode — angle with the maximum data concentration
around.

o Skewness [2, 4]:
& =b @)V =1y sinB,(0) 20,1/, (6)
e  Kurtosis:
22 =[5 c0s[6,(0) 20 1-(1-1)*1/1* . %)

e  Trigonometric moment:

1 M . _
Tu((x):HZem(e’ o (8)
j=1

V.  CONFIDENCE INTERVAL ESTIMATION

Wide known methods of confidence interval obtaining are
based on preliminary estimation of standard uncertainty and
ratio coefficient for known probability density function.
Often such distribution based on the results
of previous measurements taken close to Gaussian. If the
measurement results data is sufficient it checks for Gaussian
distribution by one of the known criteria’s. However in non
priori information case it is impossible to taste sample on
distributions and such approach can lead to significant errors
in measurement results accuracy estimation.

Developed software includes confidence interval
obtaining by traditional method, circular analogue of
Chebishev inequality method, and methods with Johnson
distribution and bootstrap technology application for circular
data.

A. Traditional method
Traditional method provides obtaining of sample circular

mean direction O , standard deviation & and Student
coefficient. Confidence interval is obtaining considering the
hypothesis of wrapped normal distribution as:

0+t, p& )

B.  Circular analogue of Chebishev inequality method
Circular analogue of Chebishev inequality method is used
when random circle distribution is unknown. Method based on
circular analogue of Chebishev inequality application [2].
Applying Chebishev inequality to the random variable

sin[0-0]/2) gives
Plsin(0-8)2| 2 )< r /267 (10)
Confidence interval for mean direction can be obtained as:

§i2arcsin(aJV—/2) (11)

C. Method based on Johnson distribution application for
random circle confidence interval obtaining

The Johnson distribution system is based on three possible
transformations of a normal random variable. They are known
as Johnson SL (lognormal), Johnson SU (unbounded)
and Johnson SB (bounded), corresponding to exponential,
logistic, and hyperbolic sine transformations. All three can be
written as [6]:

z =y+n1t(x;8,N);
y+nt( ) (12)
nN>0,-0<y<ow,A>0,-0<g<w
where z is a standard normal random variable, T is the
transformation, and y,m, € and A are scale and location

parameters.

Johnson curves empirical distribution approximation
depends on distribution family selection, computation of the
parameters estimates and empirical probability function
obtaining [7]. Confidence interval obtaining depends on
computation of the inverse function for the probability density
function f(0) and estimation of symmetrical quantiles

corresponding to given probability:
(0,2 )mod2, (6,_, /2 ) mod2, (13)
where ¢ is the confidence level.

An empirical probability density function can also be useful
for obtaining the mode, median and moments of given orders —
the mean direction, standard deviation, skewness, kurtosis.
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D. Bootstrap methods for circular statistical estimates and
their confidence intervals obtaining

A class of computer-intensive statistical procedures called
the bootstrap methods has a wide application for assessing the
variability of a point estimate in situations where more usual
statistical procedures are not valid and/or not available (e.g. the
sampling distribution of a statistic is not known). The authors
reviewed the parametric and non-parametric bootstrap methods
for circular mean direction, median and their confidence
interval limits estimation. The base algorithm of non-
parametric bootstrap for an empirical distribution quantile

estimate obtaining consists of following steps [8]:
1. Sampling with of circles

@ =10,,...0, } from the original ®={0,,...0,} .

replacement a set

VI. MODULES OF SOFTWARE FOR CIRCULAR
MEASUREMENT DATA MODELLING AND STATISTICAL
PROCEEDING

Based on described methods the software for circular data
simulating and statistical proceeding is developed. It consists of
four main modules:

e The input module provides an opportunity to keyboard
input or loading from the text file and also generation

random circles samples in  accordance with
the probability distribution functions — wrapped
normal, von Mises, wrapped Cauchy, cardioid,

wrapped Levy etc., — and given parameters (figure 2).

e The module of statistical estimates and their accuracy

Random circles generator

Generate IAccept sample

Save sample .
Exit

Select circular/wrapped distribution type Population rose histogram
Cardioid

Triangular ~ Summand Set sample

Mises ' Cauchy ~Normal Langevin-Fisher Levy

|@= [2111 0 (k)T1 exp [k cos(0 —u)]

Select population parameters
100 5
150 ,

L 1 =360

!
250 300
. 69,8906 °

Generate sample from the population
30 Circles

Directional

Data

Population probability density function

Theta, rad

Statistics 5. Shengur

Figure 2. The front panel of the input module of the software

0, €[0,2m), n=1L,N.

A

2. Computation of the estimate 6 for

©=10,,.9,}.

quantile

3. Repeating steps 1, 2 B times drawing a bootstrap
distribution 6,,... 05 .

4. Obtaining 2,5th and 97,5th percentiles from él,...,é B
for 95% confidence interval.

Parametric bootstrap assumes the original circular data
sample © ={0,,...0,} from a distribution of a known form,

a.g. von Mises VM (W, k) distribution, where p and k are
known. With this assumption p and k& are estimated by i and

k from ©=10,,...0,} and then each bootstrap sample is
obtained by simulation from the VM (|1, /2) distribution [4].

Microwaves, Radar and Remote Sensing Symposium, August 25 — 27, 2011, Kiev, Ukraine

characteristics obtaining with traditional methods
application.

e The module of statistical estimates and their accuracy
rates obtaining with Johnson curves approximation of
empirical circular distributions application (figure 3).

e The module of statistical estimates and their accuracy
characteristics obtaining with bootstrap methods
application (figure 4).

CONCLUSIONS

Considered methods of circular data measurement results
can be applied in such tasks as radar signals decoding, targets
point’s center of gravity definition, signal to noise ratio
increasing in signal detection tasks.

Software for simulating and statistical processing of
measurement circular data is discussed. It can be applied for:

e Probability densities random circular data simulation:
von Mises, wrapped normal, wrapped Cauchy,
wrapped Levy, cardioid etc.
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Johnson curves empirical circular distribution approximation
’ J offset angle

2 3
Theta, rad
Sample offset angle correction

Compliance test

SB II'MJTIE[
SL IILDSQ[

) Johnson SB distribution bounds correction }
NN R RN L

Median
1]

Figure 3. The The front panel of the module of statistical estimates and their accuracy characteristics obtaining with Johnson curves approximation of
empirical circular distributions application

Circular bootstrap estimates Basic Symmetric Mises

90 IMean direction Stand. error
0,152361 0,11€

Mean direction Mean direction
0,173085 0,246677
811579 Confidence 616778 Confidence | %P8072%3 Confidence

407805 interval 0,650020  interval 045479 Interval

Stand. deviat
0,448791
Median Median Mean direction
0,153894 0,185147 0,248492

Wr. Normal

0115648 Confidence D327 confidence | %0814 Confidence
0,600844  INterval 0788963 interval 0453576 INterval

Figure 4. The The front panel of the module of statistical estimates and their accuracy characteristics obtaining with bootstrap methods application
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