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'LYHUJHQW�ELIXUFDWLRQV�RI�VWDWLRQDU\�PRWLRQ�PRGHV�RI�ZKHHOHG�YHKLFOH�PRGHO�ZLWK�
FRQWUROOHG�ZKHHO�PRGXOH

$OH[DQGU�.UDYFKHQNR���9ODGLPLU�9HUELWVNLL���9DOHU\�.KUHEHW��
1DWDOLD�9HOPDJLQD���$QGUH\�0XUDQRY��

� =K\WRP\U�6WDWH�7HFKQRORJLFDO�8QLYHUVLW\�
=K\WRP\U��&KXGQRYVND\D�6W�������H�PDLO��DYWRDS#XNU�QHW�

� =DSRUL]K]K\D�6WDWH�(QJLQHHULQJ�$FDGHP\�
=DSRUL]K]K\D��6RERUQD�$Y������ H�PDLO� R[LGDQ#XNU�QHW�

� 1DWLRQDO�$YLDWLRQ�8QLYHUVLW\�
.\LY� .RPDURY�$YH�����H�PDLO��DGLSPL#JPDLO�FRP�

� 3ULGQHSURYVND\D�6WDWH�$FDGHP\�RI�&LYLO�(QJLQHHULQJ�DQG�$UFKLWHFWXUH�
'QHSURSHWURYVN��&KHUQ\VKHYVN\�6W�����D� H�PDLO��YHOPDJLQD#\DQGH[�XD

5HFHLYHG�6HSWHPEHU����������DFFHSWHG�6HSWHPEHU��������

6XPPDU\� $Q�DOWHUQDWLYH�DSSURDFK�RI�WKH�GHWHUPLQLQJ�RI�
FRQGLWLRQV�RI�VDIH�VWDELOLW\�ORVV�RI�UHFWLOLQHDU�PRWLRQ�RI�D�
ZKHHOHG�YHKLFOH�PRGHO�ZLWK� FRQWUROOHG�ZKHHO�PRGXOH� LQ�
WKH� VHQVH� RI� 1�1�� %DXWLQ� LV� FRQVLGHUHG�� 7KH� VOLSSLQJ�
IRUFHV DUH� SUHVHQWHG� DFFXUDWH� ZLWKLQ� FXELF H[SDQVLRQ�
WHUPV� LQ� WKH� VNLG� DQJOHV�� 7HUPV� DQG� FRQGLWLRQV� RI� VDIH�
VWDELOLW\�ORVV�GHSHQG�RQ�WKH�UDWLR�EHWZHHQ�WKH�FRHIILFLHQWV�
RI� UHVLVWDQFH� WR� WKH�VNLG�� WKH�DGKHVLRQ�FRHIILFLHQWV� LQ� WKH�
WUDQVYHUVH� GLUHFWLRQ� RI� WKH� D[HV� DQG� WKH� SDUDPHWHU� RI�
WRUVLRQDO�VWLIIQHVV�RI�WKH�FRQWUROOHG�ZKHHO�PRGXOH�

7KH� SUHVHQWHG� DSSURDFK� WR� WKH� DQDO\VLV� RI� UHDO�
ELIXUFDWLRQV� UHODWHG� WR� WKH� GLYHUJHQW� ORVV� RI� UHFWLOLQHDU�
PRWLRQ�PRGH�VWDELOLW\�KDV�D�FOHDU�JHRPHWULF�SDWWHUQ��LI�LQ�
WKH� YLFLQLW\� RI� UHFWLOLQHDU� PRWLRQ� DW� VXEFULWLFDO� VSHHG�
WKHUH� DUH� DGGLWLRQDOO\� WZR� XQVWDEOH� FLUFXODU� VWDWLRQDU\�
VWDWHV��WKHQ�WKH�VWDELOLW\�OLPLW�LV�RI�GDQJHURXV�QDWXUH�LQ�WKH�
VHQVH� RI� 1�1�� %DXWLQ�� LI� WZR� FLUFXODU� VWDWLRQDU\� PRGHV�
H[LVW� DW� VXSHUFULWLFDO� VSHHG�� WKH� OLPLW�RI� WKH� VWDELOLW\� ORVV�
LQ�WKH�SDUDPHWHU�VSDFH�RI�WKH�ORQJLWXGLQDO�YHORFLW\�LV�VDIH�
LQ� WKH� VHQVH� RI�1�1��%DXWLQ�� $QDO\VLV� RI� WKH� QXPEHU� RI�
VWDWLRQDU\�PRGHV�LQ�WKH�YLFLQLW\�RI�WKH�FULWLFDO�YHORFLW\�RI�
UHFWLOLQHDU� PRWLRQ� LV� SHUIRUPHG� IRU� WKH� REWDLQHG�
GHWHUPLQLQJ�HTXDWLRQ�� FXELF�ELQRPLDO�
.H\� ZRUGV� ZKHHO� PRGXOH�� VWDELOLW\�� DGKHVLRQ�
FRHIILFLHQW��VOLSSLQJ�IRUFHV��GLYHUJHQW�ELIXUFDWLRQ�
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$�YDULHW\�RI�RSHUDWLQJ�FRQGLWLRQV�RI�YHKLFOHV�PDGH�
IRU�WKHLU�ZLGHVSUHDG�VSHFLDOL]DWLRQ��$XWRPRELOHV�GLIIHU�E\�
VSHFLILF�SURSHUWLHV� WKDW�HQDEOH� WKHLU�XVH� LQ�VSHFLILF� WHUPV�
ZLWK� WKH� JUHDWHVW� HIILFLHQF\�� 2QH� JURXS� RI� VSHFLILF�
SURSHUWLHV� LV� WKH� SHUIRUPDQFH� FKDUDFWHULVWLFV� RI� WKH�
DXWRPRELOH��ZKLFK� LQFOXGH�� WUDFWLRQ�DQG�VSHHG�SURSHUWLHV�
�G\QDPLFV��� EUDNLQJ� SHUIRUPDQFH�� IXHO� HFRQRP\��
VWHHUDELOLW\�� VWDELOLW\�� SDVVDELOLW\�� WUDYHOOLQJ� FRPIRUW��
6WDELOLW\� LV� FRQVLGHUHG� WR� EH� DQ� LPSRUWDQW� FRPSRQHQW� RI�
WKH� YHKLFOH� SHUIRUPDQFH�SURSHUWLHV�� WKH� ODFN�RI�ZKLFK� LV�
RQH�RI�WKH�PRVW�FRPPRQ�FDXVHV�RI�URDG�DFFLGHQWV�

6WDELOLW\� LV� WKH SURSHUW\�RI� WKH�V\VWHP�WR�UHWXUQ� WR�
WKH� RULJLQDO� VWHDG\� VWDWH� DIWHU� OHDYLQJ� LW� LQ� WKH� UHVXOW� RI�
DQ\�H[WHUQDO�LQIOXHQFH�

$� FRQVLGHUDEOH� DPRXQW� RI� ZRUN� DUH� GHGLFDWHG� WR�
WKH� VWXG\� RI� FRPPRQ� LVVXHV� RI� DXWRPRELOH� PRWLRQ�
VWDELOLW\�>����������������@��7KH SURFHVVHV�RI� WKH�VWDELOLW\�
RI� LQGLYLGXDO�DXWRPRELOHV�DQG WUXFNV�DW� D� VWHDG\�PRWLRQ�
PRGH�� ZKHQ� GULYLQJ� LQ� D� VWUDLJKW� OLQH�� ZKLOH� PRYLQJ�
DORQJ�D�FXUYHG�SDWK��ZKHQ�EUDNLQJ��QHDU�WKH�VWDELOLW\�OLPLW
DQG�VR�IRUWK�DUH�XQGHU�VWXG\�>������������������@� %HVLGHV��
DV�SRLQWHG�E\�>������@��WKH VDPH�PRYHPHQW�FDQ�EH�VWDEOH�
ZLWK�UHVSHFW�WR�RQH�YDULDEOH�DQG�XQVWDEOH�ZLWK�UHVSHFW�WR�
WKH�RWKHU�YDULDEOH� 7KHUHIRUH��WKHUH�DUH�GLIIHUHQFHV�LQ�WKH�
IRUPXODWLRQ� RI� WKH� SDUDPHWHUV� RI� DXWRPRELOH� PRWLRQ�
VWDELOLW\�� 7ZR� DVSHFWV� WR� DVVHVV� WKH� SDUDPHWHUV� RI�
DXWRPRELOH�PRWLRQ�VWDELOLW\�ZHUH�VLQJOHG�RXW�>�@�

$FFRUGLQJ�WR�WKH�ILUVW�DVSHFW��WKH�FRQFHSW�GHVFULEHV�
WKH�PRYHPHQW�RI�WKH�DXWRPRELOH�DV�D�VROLG�ERG\�LQ�DOO�LWV�
GHJUHHV� RI� IUHHGRP�� H[FHSW� IRU� WKH� GLUHFWLRQ�
SHUSHQGLFXODU� WR� WKH� EHDULQJ� VXUIDFH� DQG� GLUHFWLRQ�
FRLQFLGLQJ� ZLWK� WKH� ORQJLWXGLQDO� D[LV� RI� WKH� YHKLFOH��
+RZHYHU�� WKH� IRUPXODWLRQ�RI�PRWLRQ�VWDELOLW\�FULWHULD� IRU�
HDFK� RI� WKH� GHJUHHV� RI� IUHHGRP� LV� YDJXH� DQG� GRHV� QRW�
FRUUHVSRQG�WR�WKH�FODVVLF�QRWLRQ�RI�VWDELOLW\�

$FFRUGLQJ� WR� WKH� VHFRQG� DVSHFW� WKH� FRQFHSW� RI�
VWDELOLW\�RI�WKH�DXWRPRELOH�FKDUDFWHUL]HV�LWV�EHKDYLRU�RQO\�
LQ�WKH�PRYHPHQW�DORQJ�WKH�JLYHQ�FRXUVH� 7KH�IRUPXODWLRQ�
RI� WKH� FRQFHSW� RI� PRWLRQ� VWDELOLW\� LQ� WKLV� SDUDPHWHU� LV�
JLYHQ� LQ� IXOO� FRPSOLDQFH�ZLWK� WKH� GHILQLWLRQV� DGRSWHG� LQ�
WKH�JHQHUDO�WKHRU\�RI�PHFKDQLFDO�V\VWHPV�VWDELOLW\�

7KXV��GHVSLWH�WKH�IDFW�WKDW�FXUUHQWO\�WKH�SUREOHP�RI�
GHWHUPLQLQJ� WKH� FRQGLWLRQV� RI� DXWRPRELOH� VWDELOLW\� DV� D�
G\QDPLF� V\VWHP� KDV� EHHQ� VWXGLHG� WKRURXJKO\� HQRXJK��
KRZHYHU��DV�SUDFWLFH�VKRZV��WKH�LVVXHV�RI�GHWHUPLQLQJ�WKH�
V\VWHP�EHKDYLRU� QDWXUH� DV� IRU� LQVWDELOLW\� DQG� LGHQWLI\LQJ�
WKH� FDXVHV� RI� LWV� HPHUJHQFH� UHPDLQ� UHOHYDQW�� 6XFFHVV� LQ�
VROYLQJ�VLPLODU�SUREOHPV�GHSHQGV�RQ�KRZ�ZHOO�FKRVHQ�LV�
WKH�PDWKHPDWLFDO�PRGHO� DQG� LWV� UHOHYDQW� SDUDPHWHUV� WKDW�
GHVFULEH�WKH�UHDO�DXWRPRELOH�EHKDYLRU >��@�

7KH�VWDELOLW\�RI�WKH�YHKLFOH�DQG�WKH�FRQGLWLRQV�RI�
WXUQDELOLW\� RI� D� QRQOLQHDU�PRGHO�ZLWK� D� IL[HG� VWHHULQJ� LV�
FRQVLGHUHG�LQ�>�@��DQG�WKH�FRQGLWLRQV�RI�VDIH�VWDELOLW\�ORVV�



�� $� .UDYFKHQNR��9� 9HUELWVNLL��9� .KUHEHW��1� 9HOPDJLQD��$� 0XUDQRY

RI� UHFWLOLQHDU� PRWLRQ� RI� WZR�D[OH� YHKLFOH� PRGHO� ZLWK�
RYHUVWHHU�� LQ�>�@��
6HOI�RVFLOODWLRQV�RI�D�VLQJOH�ZKHHO�XQLW�DUH LQYHVWLJDWHG�LQ�
>�@��

2QH� RI� WKH� ZHOO�HVWDEOLVKHG�PDWKHPDWLFDO� PRGHOV�
RI� WKH�DXWRPRELOH� LV�EDVHG�RQ�D� IODW�ELF\FOH� VFKHPH�DQG�
LQFOXGHV�WKH�PDLQ�QRQ�OLQHDU�SURSHUWLHV�RI�WKH�ZKHHO�VNLG�
>��@�

7KLV�DUWLFOH�LV�GHGLFDWHG�WR�WKH�GHYHORSPHQW�RI�WKH�
PHWKRGV�IRU�WKH�DQDO\VLV�RI�FRQWUROODELOLW\�DQG�VWDELOLW\�RI�
D� QRQOLQHDU� DXWRPRELOH�PRGHO�ZLWK� ULJLG�ZKHHO�PRGXOH��
ILUVW�LQWURGXFHG�LQ�WKH�ZRUNV�E\�<D� 0��3HY]QHU�>��@��

7KH� SURSRVHG� PHWKRGV� IRU� GHWHUPLQLQJ� WKH�
VWDWLRQDU\� PRWLRQ� PRGHV� RI� WKH� DXWRPRELOH� PRGHOV��
FRPSOHPHQWHG� E\� WKH� DOJRULWKPV� RI� WKH� FRQVWUXFWLRQ� RI�
WKH�ELIXUFDWLRQ�VHW�LQ�FRQMXQFWLRQ�ZLWK�WKH�3RLQFDUH�,QGH[�
PHWKRG�� PDNH� LW� SRVVLEOH� WR� FRQGXFW� D� SUHOLPLQDU\�
DQDO\VLV� RI� WKH� QXPEHU� RI� VWDWLRQDU\� PRGHV� DQG� WR�
GHWHUPLQH� WKH� VWDELOLW\� ERXQGDULHV� LQ� WKH� SODQH� RI� WKH�
FRQWUROOHG�SDUDPHWHUV�

7+(�$1$/,6,6�2)�5(&(17�5(6($5&+(6�
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'LYHUJHQW� VWDELOLW\� ORVV� RI� WKH� UHFWLOLQHDU� VWDWLRQDU\�
PRWLRQ�PRGH�RI�WKH�YHKLFOH�LQ�WKH�VLPSOHVW�FDVH�LV�UHODWHG�
WR�WKH�LPSOHPHQWDWLRQ�RI WKH�DVVHPEO\�ELIXUFDWLRQ� )URP�
WKH�RULJLQ�RI�FRRUGLQDWHV�DW�D�FULWLFDO�VSHHG�HLWKHU�D�FRXSOH�
RI�VWDEOH�VWDWLRQDU\�VWDWHV�LV�ERUQ��RU�D�FRXSOH�RI�XQVWDEOH�
VWHDG\�VWDWHV�FRPHV� WR� WKH�RULJLQ�DQG PHUJHV�ZLWK�VWDEOH�
UHFWLOLQHDU�PRGH��5HVHDUFK� UHVXOWV RI�7URJHU�+��� 6FKHLGO�
5���6WULEHUVN\�$���.DFDQL�9���=HPDQ�.� >����������������@
ZHUH�EDVHG�RQ�QXPHULFDO�PHWKRG�IRU� WKH�FRQWLQXDWLRQ�RI�
WZR�SDUDPHWHUV�� DQG� LW�PDNHV�GLIILFXOW� WKH�GHWHUPLQDWLRQ�
RI� WKH� FRQGLWLRQV� RI� VDIH� VWDELOLW\� ORVV� RI� UHFWLOLQHDU�
PRWLRQ� PRGH� LQ� WKH� VSDFH� RI� SDUDPHWHUV� DFFRUGLQJ� WR�
1�1��%DXWLQ�>�@�

,Q� WKH� FDVH� RI� V\PPHWULF� YHKLFOH� ZLWK� DEVROXWHO\�
ULJLG� VWHHULQJ� FRQWURO�� VXEVWDQWLDO� �LQWHUQDO�� SDUDPHWHUV�
DIIHFWLQJ� WKH� QDWXUH� RI� WKH� ORVV� RI� VWDELOLW\� DUH� DGKHVLRQ�
FRHIILFLHQWV� RQ� WKH� D[HV�� DW� UHGXFWLRQ� RI� WKH� DGKHVLRQ�
FRHIILFLHQW�RQ� WKH� IURQW�D[OH�� WKH�QDWXUH�RI� WKH�GDQJHU�RI�
WKH� UHJLRQ� ERUGHU� RI� VWDELOLW\� FKDQJHV� GXH� WR� WKH�
UHDOL]DWLRQ�RI�EXWWHUIO\�FDWDVWURSKH��ELIXUFDWLRQ�VHW�LQ�WKLV�
FDVH� KDV� D� FKDUDFWHULVWLF� FURVV�VHFWLRQ�ZLWK� WKUHH� FULWLFDO�
SRLQWV��FXVSV��>��@�

7KH� SUREOHP� RI� VWDELOLW\ ORVV� �VHFXUH�LQVHFXUH�� RI�
WKH�UHFWLOLQHDU�PRWLRQ�RI�D�ZKHHOHG�YHKLFOH�PRGHO�ZLWK�D�
FRQWUROOHG� KDV� DOUHDG\� EHHQ� FRQVLGHUHG� LQ� >��@�� $�
IRUPDOL]HG� DSSURDFK� WR� WKH� DQDO\VLV� RI� WKH� VWDELOLW\�
ERXQGDU\�VHFXULW\��EDVHG�RQ�WKH�DVVHVVPHQW�RI�WKH�QXPEHU�
RI� VWDWLRQDU\� PRGHV� LQ� WKH� YLFLQLW\� RI� WKH� UHFWLOLQHDU�
PRWLRQ�PRGH��LV�RIIHUHG�LQ�>��@�

2%-(&7,9(6

2EWDLQLQJ� VXIILFLHQW� FRQGLWLRQV� IRU� D� VDIH� ORVV� RI�
VWDELOLW\�RI�UHFWLOLQHDU�PRWLRQ�RI�D�ZKHHOHG�YHKLFOH�PRGHO�
ZLWK�FRQWUROOHG�ZKHHO�PRGXOH��

7+(�0$,1�5(68/76�7+(�5(6($5&+

)LJXUH��� VKRZV� WKH�GHVLJQ�GLDJUDP�RI� WKH�YHKLFOH�
PRGHO�ZLWK�FRQWUROOHG�ZKHHO�PRGXOH�

)LJ���� 'HVLJQ�GLDJUDP�RI�WKH�YHKLFOH�PRGHO

7KH�FRQWUROOHG�PRGXOH�LV�SLYRWDOO\�FRQQHFWHG�WR�WKH�
YHKLFOH�FDVH�� WKH�FRUQHU�EHWZHHQ� WKH� ORQJLWXGLQDO�D[LV�RI�
WKH�FDVH�DQG�WKH�YHUWLFDO�ORQJLWXGLQDO�SODQH�RI�WKH�ZKHHO�LV�
T �� WKH� FDVH�ZKHHOHG� PRGXOH� LV� DIIHFWHG� E\� WKH� HODVWLF�
UHVWRULQJ� PRPHQW� WHQGLQJ� WR� UHWXUQ� WKH� V\VWHP� WR� WKH�
SRVLWLRQ� �T T � ZKHUH� �T LV� WKH� DQJOH� RI� URWDWLRQ� RI�

IRUZDUG� URZ�ZKHHOV�SRVLWLRQHG�E\� WKH�GULYHU�� �� �< < DUH�

WKH� HTXLYDOHQW� FURVV� IRUFHV� �VNLG� IRUFHV�� RSHUDWLQJ� LQ� D�
VSRW� RI� FRQWDFW� RI� ZKHHOV� ZLWK� D� EDVLF� VXUIDFH� WKDW� DUH�
GHILQHG�DFFRUGLQJ�WR�,�5RFDUG
V�D[LRPDWLFV�>��@��WKH�D[LV�
RI�D�ZKHHO�LV�UHPRYHG�IURP�DQ�D[LV�RI�KLQJHG�FRQQHFWLRQ�
DW�WKH�GLVWDQFH�RI�RIIVHW� O � O ���LQ�WKH�FDVH�ZKHQ�WKH�D[LV�
RI� D� ZKHHO� LV� DKHDG� RI� D� SRLQW� RI� KLQJHG� FRQQHFWLRQ� RI�
OLQNV�� Q LV�D�ORQJLWXGLQDO�FRPSRQHQW�RI�VSHHG�RI�WKH�FDVH�
PDVV�FHQWHU� �LW� LV�NHSW�FRQVWDQW���D� ��E�DUH�GLVWDQFH�IURP�
WKH�FHQWHU�RI�PDVV�RI�WKH�FRQWUROOHG�ZKHHO�PRGXOH�WR�WKH�
SRLQW�RI�IDVWHQLQJ�RI�WKH�IRUZDUG��FRQWUROOHG��D[LV�DQG�WKH�
EDFN� D[LV� UHVSHFWLYHO\�� WKH� UHGXFHG� IDFWRU� RI� ULJLGLW\� RI�
WKH� FRQWUROOHG�PRGXOH� N�� WKH� GDPSLQJ� FRHIILFLHQW� RQ� WKH�
URWDWLRQ�DQJOH�RI�WKH�FRQWUROOHG�PRGXOH�K�� WKH�SRVLWLRQHG�
URWDWLRQ�DQJOH�RI�WKH�EDFN�URZ�ZKHHOV LV

�
T ��

7KH�ZHLJKW�DQG�PRPHQW�RI� WKH�FDVH� LQHUWLD� UHODWLYH�
WR� WKH� FHQWUDO� YHUWLFDO� D[LV� DUH� �P - �� �� �P - DUH� WKH�

ZHLJKW� DQG� PRPHQW� RI� LQHUWLD� RI� WKH� FRQWUROOHG� ZKHHO�
PRGXOH� UHODWLYH� WR� WKH� FHQWUDO� YHUWLFDO� D[LV� �ZH� DVVXPH�
WKDW�LW�SDVVHV�WKURXJK�WKH ZKHHO�D[LV��

7KH� V\VWHP� RI� WKH� GLIIHUHQWLDO� HTXDWLRQV� RI� WKH�
PRYHPHQW� RI� WKH� YHKLFOH� PRGHO� ZLWK� FRQWUROOHG� ZKHHO�
PRGXOH� �SKDVH� YDULDEOHV X� � �Z T 4 �� LV� UHFHLYHG� DW� WKH�

DVVXPSWLRQV� DFFHSWHG� LQ� >��@�� LQ� ZKLFK�� 8� LV� WKH
GHULYDWLYH�RI�D�FURVV�FRPSRQHQW�RI�VSHHG�RI�WKH�FHQWHU�RI�
PDVVHV�� : LV� WKH GHULYDWLYH�RI�DQJXODU�VSHHG� 4 LV� WKH�
VSHHG� RI� FKDQJH� RI� WKH� URWDWLRQ� DQJOH� RI� WKH� FRQWUROOHG�
PRGXOH��77�LV�DQJXODU�VSHHGXS�RI�WKH�FRQWUROOHG�PRGXOH�
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,Q� ���� WKH� VOLSSLQJ� IRUFHV� DUH� DSSUR[LPDWHG� E\� D�
PRQRWRQLF� GHSHQGHQFH� RI� WKH� QDWXUH� RI� WKH� VDWXUDWLRQ�
FXUYH�
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ZKHUH� LN ± FRHIILFLHQWV� RI� UHVLVWDQFH� WR� WKH� VOLS� LN ±

DGKHVLRQ�FRHIILFLHQWV�LQ�WKH�ODWHUDO�GLUHFWLRQ� L= ± YHUWLFDO�

UHDFWLRQV�RQ�WKH�D[HV�
:H� DVVXPH� WKDW� WKH� UHGXFHG� D[LDO� IRUFH� RQ� WKH�

IURQW� D[OH� LQ� WKH� V\VWHP� ���� LV� QHJOLJLEOH� �;�  � ���� WKH�
URWDWLRQ�DQJOH�RI�WKH�EDFN�URZ�RI�ZKHHOV �T  ���

&RQGLWLRQ�RI�GLYHUJHQW� VWDELOLW\� ORVV�RI� UHFWLOLQHDU�
PRGH�ZDV�IRXQG�LQ�JHQHUDO�IRUP >��@�
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DQG� VDIH�GDQJHURXV� ORVV� RI� VWDELOLW\� FRQGLWLRQV� ZHUH�
VWXGLHG�LQ�>����@�

&216758&7,21�2)�7+(�%,)85&$7,21�6(7�
2)�7+(�$87202%,/(�02'(/�:,7+�
&21752//('�:+((/�02'8/(�

7KH� VWDWLRQDU\� VWDWHV� RI� WKH� V\VWHP� ���� �VSHFLDO�
SRLQWV� RI� WKH� SKDVH� VSDFH�� VDWLVI\� WKH� V\VWHP� RI� ILQLWH�
HTXDWLRQV
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ZKHUH� L( ± OHIW�KDQG� VLGHV� RI� V\VWHP� HTXDWLRQV� ����

6\VWHP� ���� KDV� WZR� FRQWUROOLQJ� SDUDPHWHUV � � ��Y T ��

3DUDPHWHU� FRQWLQXDWLRQ� PHWKRG� SURSRVHG� E\� 6KLQRKDUD�
>�@�PDNHV�LW�SRVVLEOH�WR�LGHQWLI\�GLIIHUHQW�EUDQFKHV�RI�WKH�
HTXLOLEULXP�FXUYH�DQG� WR�HYDOXDWH� WKH�PD[LPXP QXPEHU�
RI� VWDWLRQDU\� PRGHV� LQ� WKH� ILQDO� ILHOG� RI� WKH� FRQWURO�
SDUDPHWHUV�

,Q� >��@ WKH� SUREOHP� RI� WKH� HYROXWLRQ� RI� VWDWLRQDU\�
VWDWHV� ZKHQ� FKDQJLQJ� RQH� RI� WKH� FRQWURO� SDUDPHWHUV� LV�
FRQVLGHUHG� 7KH� YDULHW\� RI� ELIXUFDWLRQ� YDOXHV� RI�

SDUDPHWHUV 
�
 �Y T �� WR� ZKLFK� WKH� PXOWLSOH� VWDWLRQDU\�

PRGHV� RI� WKH� PRYHPHQW� ���� 


 TZX RI� V\VWHP� ����

FRUUHVSRQG��FDQ�EH�IRXQG�RQ�WKH�EDVLV�RI�WZR�SDUDPHWHUV�
FRQWLQXDWLRQ� PHWKRG�� 7KH� FRQGLWLRQ� IRU� WKH�
LPSOHPHQWDWLRQ� RI�PXOWLSOH� VWDWLRQDU\�PRGH ���� 


 TZX
LV� WKH� HTXDOLW\
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6\VWHP�����ZLWK�WKH�ODVW�HTXDWLRQ�GHILQHV�WKH�FULWLFDO�
VHW� RI� VWDWLRQDU\�PRGHV��7KH�PHWKRG� RI� FRQWLQXDWLRQ� RQ�
WZR� SDUDPHWHUV OHDGV� WR� WKH� DX[LOLDU\� V\VWHP� RI�
GLIIHUHQWLDO�HTXDWLRQV�
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6WDUWLQJ�SRLQW� IRU�UHDOL]DWLRQ�RI�FRQWLQXDWLRQ�PHWKRG�
�������Yɤɪ�� ���� ZKHUH� Yɤɪ LV� WKH� FULWLFDO� VSHHG� RI� WKH�
UHFWLOLQHDU� PRGH� RI� WKH� YHKLFOH� PRYHPHQW�� LV� GHILQHG�
IURP� WKH� VROXWLRQ� RI� WKH� HTXDWLRQ

� � � � �_ �
�� X � � � �( Z T T     �

,Q� )LJ�� �� WKH� ELIXUFDWLRQ� VHW� REWDLQHG E\� QXPHULFDO�
LQWHJUDWLRQ� RI� DX[LOLDU\� V\VWHP� RI� WKH� GLIIHUHQWLDO



�� $� .UDYFKHQNR��9� 9HUELWVNLL��9� .KUHEHW��1� 9HOPDJLQD��$� 0XUDQRY

HTXDWLRQV� DW� WKH� IROORZLQJ� YDOXHV� RI� GHVLJQ� GDWD� LV�
SUHVHQWHG�� D ����� P�� E ����� P�� Ȝ  ������� P�� K ��
P ����� NJ�� ț� ����� ț� ���� N� ������ɇ�� N� � ������ɇ��
-� �����NJ�P

��

)LJ���� &ULWLFDO�VHW�RI�ORQJLWXGLQDO�YHORFLW\�FRQWURO�SDUDPHWHUV Y
DQG WKH URWDWLRQ�DQJOH�RI�WKH�FRQWUROOHG�ZKHHO�PRGXOH��N  ����
+ÂP�

3RLQWV�0�� 0�� 0� LQ� )LJXUH� �� FRUUHVSRQG� WR� WKH�
YHORFLW\� RI� ��� P�V�� ��� P�V� DQG� �� P�V� 7KH\� DUH� SLYRW�
SRLQWV� LQ� ZKLFK� WKH� ORVV� RI� VWDELOLW\� RI� WKH� FLUFXODU�
VWDWLRQDU\� PRGHV� RFFXUV�� 7KH\� DUH� WKH� HOHPHQWV� RI� WKH�
ELIXUFDWLRQ�VHW��)LJXUH����

)LJ���� (TXLOLEULXP�FXUYHV�RI�WKH�FRUUHVSRQGLQJ DQJXODU�VSHHGV�
Ȧ RI�WKH�VWDWLRQDU\�PRGHV�DW�WKH�FKDQJH�RI�WKH�URWDWLRQ�DQJOH�RI�
WKH�FRQWUROOHG�ZKHHO�PRGXOHT����N ����1P��Y �����������P�V�

7KH�ELIXUFDWLRQ�VHW�GLYLGHV� WKH�SODQH�RI� WKH�FRQWURO�
SDUDPHWHUV��Y��T����LQWR�DUHDV�ZLWK�YDULRXV�TXDQWLW\�RI�WKH�
VWDWLRQDU\�PRGHV� LQ� LQWHUQDO�DUHD�� ��� LQ�H[WHUQDO� � ���$W�
WKH�SRLQWV�RI�WKH�ELIXUFDWLRQ�VHW �)LJXUH��� WKHUH�LV�D�UHDO�
ELIXUFDWLRQ� RI� WKH� IROGV� �PHUJHU�ELUWK�� RI� D� SDLU� RI�
VWDWLRQDU\�PRGHV�� VWDEOH�DQG�XQVWDEOH� $W�WKH�IL[HG�VSHHG�

NSYY � DQG� T� SDUDPHWHU� LQFUHDVH IURP� ]HUR� WR� T�

V\PPHWULFDO� VWDEOH� VWDWLRQDU\� PRGH� PRYHV� DORQJ� WKH�
HTXLOLEULXP� FXUYH�� LQ� WKH� SLYRW SRLQW� �YL
�T�L
�� WKH�
GLYHUJHQW� VWDELOLW\� ORVV� RI� WKH� FLUFXODU� VWDWLRQDU\� PRGH�
RFFXUV��)LJXUH����

:LWK� WKH�GHFUHDVH� LQ� WKH�YDOXH�RI� WRUVLRQDO� ULJLGLW\�
WKH�QDWXUH�RI� WKH�ELIXUFDWLRQ� VHW�FKDQJHV�JUHDWO\��)LJXUH�
����

)LJ���� &ULWLFDO�VHW�RI�SDUDPHWHUV�RI�ORQJLWXGLQDO�YHORFLW\�FRQWURO�
Y DQG� URWDWLRQ� DQJOH� RI� WKH� FRQWUROOHG�ZKHHO�PRGXOH� T� �N ���
ɇɦ�

7KH�SLYRW�SRLQW�0� �FRUUHVSRQGLQJ�WR�WKH YHORFLW\�RI�
� P�V�� GLYLGHV� WKH� HTXLOLEULXP� FXUYH� LQWR� VWDEOH� DQG�
XQVWDEOH� SDUWV� � VWDEOH� IURP� �� WR� 0� �)LJXUH� ���
(TXLOLEULXP� FXUYH� FRUUHVSRQGLQJ� WR Y�  �� P�V� KDV� QR�
SLYRW�SRLQW��GLYHUJHQW�VWDELOLW\�ORVV�RI�WKH�PRWLRQ�FLUFXODU�
PRGHV�GRHV�QRW�RFFXU�KHUH�

)LJ�� � (TXLOLEULXP�FXUYHV�RI� WKH� FRUUHVSRQGLQJ� DQJXODU�
YHORFLWLHV�Ȧ RI�VWDWLRQDU\�PRGHV�ZKLOH�FKDQJLQJ�WKH�SLYRW�
SRLQW�RI�WKH�FRQWUROOHG�ZKHHO�PRGXOH�T����N ���1P��Y ���
��P�V�



',9(5*(17�%,)85&$7,216�2)�67$7,21$5<�027,21�02'(6 «��������������������������

$1$/<7,&$/�5(68/76�2)�7+(�$1$/<6,6�
2)��'$1*(5286�6$)(��/266�2)�67$%,/,7<�

2)�5(&7,/,1($5�027,21�02'(�

(VWLPDWLQJ� WKH� QXPEHU� RI� VWDWLRQDU\� PRGHV RI� WKH�
V\VWHP ���� DW� VXEFULWLFDO� VSHHG� SDUDPHWHU� YDOXH� DQG�
VXSHUFULWLFDO� YDOXH�DOORZV� WR�GHWHUPLQH� WKH�FRQGLWLRQV�RI�
VDIH�GDQJHURXV� VWDELOLW\� ORVV� RI� UHFWLOLQHDU� VWDWLRQDU\�
PRWLRQ�PRGH�

7KH�V\VWHP�GHWHUPLQLQJ�WKH�VHW�RI�VWDWLRQDU\�PRGHV�
KDV�WKH�IRUP������VNLG�IRUFHV�DUH�UHSUHVHQWHG�XS�WR�FXELF�
H[SDQVLRQ�WHUPV�
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)URP� WKH� WKLUG� HTXDWLRQ� ZH� H[SUHVV ș DV�
IXQFWLRQ �G �

� �N

N

O G
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DQG�SXW�LW�LQ�WKH�ILUVW�WZR�HTXDWLRQV�RI�WKH�V\VWHP������:H�
REWDLQ� WKH� V\VWHP� RI� WZR� HTXDWLRQV� UHODWLYH� WR� WKH�
YDULDEOHV �G DQG �G � 7XUQ� WR� WKH� GLPHQVLRQOHVV VNLG�

FRHIILFLHQWV�RQ�WKH�IURQW�DQG�UHDU�D[OHV�
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7KH�H[SUHVVLRQ�IRU�WKH�VTXDUH�RI�WKH�FULWLFDO�YHORFLW\�
RI� UHFWLOLQHDU� PRWLRQ� �VNLG� DQG� VWLIIQHVV� FRHIILFLHQWV� DUH�
SUHVHQWHG�LQ�GLPHQVLRQOHVV�IRUP��
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)LJXUH���VKRZV�WKH�GHSHQGHQFH�RI�WKH�FULWLFDO�VSHHG

ɤɪY RI�UHFWLOLQHDU�PRWLRQ�RI�D�ZKHHOHG�YHKLFOH�PRGHO�ZLWK�

FRQWUROOHG� ZKHHO� PRGXOH� DV� D� IXQFWLRQ� RI� WKH�
GLPHQVLRQOHVV�SDUDPHWHU�RI�WRUVLRQDO�VWLIIQHVV�

)LJ���� 'HSHQGHQFH�RI�WKH�FULWLFDO�VSHHG Y RI�UHFWLOLQHDU�PRWLRQ�
RI� D�ZKHHOHG� YHKLFOH�PRGHO� IURP� WKH�GLPHQVLRQOHVV�SDUDPHWHU
NN RI�WRUVLRQDO�VWLIIQHVV

)URP�WKH�V\VWHP�����RQH�FDQ�JR�WR�D�VLQJOH�GHILQLQJ�
HTXDWLRQ�IRU�į��
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7KH�QXPEHU�RI�VROXWLRQV�RI�WKLV�HTXDWLRQ�GHWHUPLQHV�
WKH� QXPEHU� RI� VWDWLRQDU\� VWDWHV� RI� WKH� V\VWHP� LQ� WKH�
YLFLQLW\�RI�UHFWLOLQHDU�PRWLRQ�

7KH� FRQGLWLRQ� RI� WKH� FULWLFDO� YHORFLW\� RI� UHFWLOLQHDU�
PRWLRQ�LV�DV�IROORZV �

� � ��� � �J NN NN NN NN NN NN � � � � � � ! ���

7KH� FRQGLWLRQ� IRU� VDIH� VWDELOLW\� ORVV� RI� UHFWLOLQHDU�
PRWLRQ�HDUOLHU�REWDLQHG�LQ�>��@�LV� � ��O o �

� � �
� �� � � ���� �J NN NN NN NN NN NNN N N � � � � � � � � � � ���

%\�FRPELQLQJ�����DQG�����ZH�KDYH�
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)URP� WKH� DQDO\VLV� RI� WKH� FRHIILFLHQWV� VLJQV� RI� WKH�
GHWHUPLQLQJ� HTXDWLRQ� DW� VXEFULWLFDO� DQG� VXSHUFULWLFDO�
VSHHGV�� ZH� ILQG� WKH� FRQGLWLRQ� �UHILQHG�� RI� VDIH� VWDELOLW\�
ORVV�RI�UHFWLOLQHDU�VWDWLRQDU\�PRWLRQ��
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7KH� FRQGLWLRQ� RI� WKH� FULWLFDO� YHORFLW\� RI� UHFWLOLQHDU�
PRWLRQ�� �O z ��
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&RQGLWLRQV������������FDQ�EH�UHSUHVHQWHG�DV�D�GRXEOH�
LQHTXDOLW\�
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)LJXUH� �� LV� D� JUDSKLF� LQWHUSUHWDWLRQ� RI� WKH� VDIH�
FRQGLWLRQV� RI� VWDELOLW\� ORVV� RI� UHFWLOLQHDU� PRWLRQ� RI� WKH�
YHKLFOH� ZLWK� WKH� FRQWUROOHG� ZKHHO� PRGXOH�� 7KH�
DSSURSULDWH� UDQJH� RI� WKH� SDUDPHWHU� WRUVLRQDO� VWLIIQHVV�
FKDQJHV�LV�GHWHUPLQHG���

)LJ�� �� *UDSKLF� LOOXVWUDWLRQ� RI� WKH� FRQGLWLRQV� RI� VDIH� VWDELOLW\�
ORVV

7KH� OHIW� ERXQGDU\� RI� WKH� LQWHUYDO� LV� GHWHUPLQHG� E\�
WKH� LQWHUVHFWLRQ� RI� WKH� VROLG� OLQH� �FRUUHVSRQGLQJ� WR� WKH�
FRQGLWLRQ�������DQG� WKH�ULJKW�ERUGHU� � E\� WKH� LQWHUVHFWLRQ�

RI� WKH�GRWWHG� OLQH� �FRUUHVSRQGLQJ� WR� WKH� FRQGLWLRQ� ����� ��
ZLWK�WKH�[� D[LV���������NN ��������

7KXV��WKH�LQWHUYDO�RI�NN WRUVLRQDO�VWLIIQHVV�SDUDPHWHU�
FKDQJH�� SURYLGLQJ� VDIHW\� RI� YHKLFOH� ORVV� RI� VWDELOLW\��
FRLQFLGHV�ZLWK� WKH� UHVXOW� REWDLQHG� HDUOLHU� DW� �O o >��@��
������ NN� ��������� 7KH� ULJKW� ERUGHU� �NN�  � �������
FRUUHVSRQGV� WR� WKH� LQWHUVHFWLRQ�RI� WKH�GDVK�GRW� OLQH�ZLWK�
WKH� [�D[LV� DQG� FRUUHVSRQGV� WR� WKH� FRQGLWLRQ� ����
([SDQVLRQ�RI�UDQJH�RI�NN SDUDPHWHU�FKDQJH�ZDV�������

&21&/86,216

�� 1XPHULFDO� DQG� DQDO\WLFDO� DQDO\VLV� RI� WKH� UHDO�
ELIXUFDWLRQV� LQ� WKH� YLFLQLW\� RI� WKH� UHFWLOLQHDU� PRGH� RI�
YHKLFOH�PRYHPHQW�DVVRFLDWHG�F�GLYHUJHQW�ORVV�RI�VWDELOLW\�
ZDV�FRQGXFWHG��

�� 2Q� WKH� EDVLV� RI� WKH� SURSRVHG� DSSURDFK� WKH�
V\VWHP� RI� ILQLWH� HTXDWLRQV� GHILQLQJ� D� VHW� RI� VWDWLRQDU\�
PRGHV� LV� UHGXFHG� WR� RQH� GHWHUPLQLQJ� HTXDWLRQ� �FXELF�
ELQRPLDO��

�� 7KH� DQDO\VLV� RI� WKH�QXPEHU� RI� VROXWLRQV�RI� WKH�
GHILQLQJ� HTXDWLRQ�PDNHV� LW� SRVVLEOH� WR�GUDZ�FRQFOXVLRQV�
DERXW� WKH� VDIH�GDQJHURXV� ERUGHU� RI� UHFWLOLQHDU� PRWLRQ�
PRGH�LQ�VSDFH�RI�V\VWHP�GHVLJQ�SDUDPHWHUV��

�� 6SHFLILHG� VXIILFLHQW� FRQGLWLRQV� RI� VDIH� ORVV� RI�
VWDELOLW\� RI� UHFWLOLQHDU� PRWLRQ� PRGH� RI� WKH� ZKHHOHG�
YHKLFOH� PRGHO� ZLWK� FRQWUROOHG� ZKHHO� PRGXOH� ZHUH�
REWDLQHG��

�� 1XPHULFDO� HVWLPDWHV� IRU� WKH� WRUVLRQDO� VWLIIQHVV�
SDUDPHWHU� LQWHUYDO�� SURYLGLQJ� D� VDIH� ORVV� RI� VWDELOLW\� RI�
UHFWLOLQHDU�PRWLRQ�PRGH�RI�WKH�ZKHHOHG�YHKLFOH�PRGHO DUH�
SUHVHQWHG�

5()(5(1&(6

�� $QWRQRY�'�$�� ����� 7KHRU\� RI� VWDELOLW\� RI�PXOWLZKHHOHUV�
PRWLRQ���0���0DFKLQH�EXLOGLQJ��������LQ�5XVVLDQ��

�� %DXWLQ� 1�1�� ����� %HKDYLRU� RI� G\QDPLFDO� V\VWHPV� QHDU�
ERXQGDULHV� RI� WKH� VWDELOLW\� DUHD��0��1DXND��&KLHI� HGLWRULDO�
ERDUG� RI� 3K\VLFDO� DQG 0DWKHPDWLFDO� /LWHUDWXUH�� ����� �LQ�
5XVVLDQ��

�� +RORGQLRN� 0��� &OLWFK� $��� .XELWVFKHN� 0��� 0DUHN� 0��
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