










1

....................................................................................... 5  

1.   

  

1.1.  ........... 13

1.1.1. . . -

................................................................................................ 13

1.1.2. -

.................................................... 17

1.1.3. 

  ................................................................ 35

1.2. 

...................................................................................... 42

1.3. 

........................................................................................... 49

2. .  

-

  

2.1.  ....................................... 53

2.1.1. 53

2.1.2. .................................. 57

2.1.3. 60

2.1.4. ................................................. 64

2.1.5. ......................................... 67

2.2. 

............................................................................................................... 71



2

2.3. ................ 76

2.3.1. ...................... 78

2.3.2. .................. 79

2.4. -

.................................................... 83

2.5. -

.................................................................................. 87

2.6. ......................... 91

2.6.1. . ........................................ 91

2.6.2. ......................................... 93

2.6.3. .......................................... 95

3. -

3.1. -

 ............................................................................. 98

3.1.1. -

 ...................................................................................................... 100

3.1.2. .. 106

3.1.3. -

..................................................................................... 114

3.2. -

................................................................................................. 120

3.2.1.  ........................... 121

3.2.2. 127

3.2.3. ................... 132

3.3. 

................................................................................ 141



3

3.3.1. .................... 142

3.3.2. -

 .................................................................... 154

3.3.3. 

 ............................... 156

4. -

4.1. 

............................................................................................ 166

4.1.1. -

................................................. 166

4.1.2. I......... 168

4.1.3. II ....... 179

4.1.4. 

....................... 182

4.2. 192

4.2.1. -

                                               192

4.2.2. -

....................................................................................... 200

4.3. ................... 212

5. -

-

  



4

5.1. -

....................................................................................................... 223

5.1.1. ......................................................................... 223

5.2. ............... 228

5.3. -

............................................. 232

5.4. ............................. 239

5.5. -

.................................................................... 242

5.5.1. -

....................................... 243

5.5.2. -

.................... 255

5.6 ...................................................................................... 265

5.6.1 ........................................................ 266

5.6.2. -

......................................................................... 272

5.6.3. -

....................................................................... 276

5.6.4. 

................................................................................................... 279

.  

, , -

 ........................................................................................................ 284

...................................................................297



5

, -

. -

-

-

. 

, 

( ) , -

. -

, -

, . .  

. 

, 

-

. -

, 



6

, . 

-

-

. 

. . -

. 

. ., . ., -

. ., . ., ., . . . -

.  

, 

, -

, . 

, , -

, -

, 

-

.  

, 

, ″ ″ , -

-

. . ., 

. . 

-

. -

. ., 

. ., . . -



7

, - -

. -

, -

. , . ., 

. ., -

-

– 20%–50%. 

, ″ ″ ( -

) , 

. . . ., -

, 

. -

. . , 

-

[ . 364] : ″ -

, , 

.″

. , -

-

-

, -

, 

, -

. , 

, -



8

, 

– , 

. 

-

., . ., ., . ., 

. ., . . 

, -

, . -

, 

. , -

. 

-

, 

, , 

, , 

. -

-

. . 

, . 

-

, -

. , -

, , 

( ), , 



9

, 

, . 

-

-

, -

, 

-

-

.  

, -

-

, , . 

-

, 

. -

-

-

″ ″.    -

– . -

, 

. 



10

-

, 

- .  

-

. 

, , -

, 

. 

, 

, -

-

, -

( ). 

, 

- . 

, -

, 

. 

.  

-

; -

;

-

.  



11

-

: -

, , -

, -

. -

, -

, -

, 

, -

. -

, -

. 

-

-

. 

, -

-

.  

-

. -

, 

( ), 

. -



12

.  

  , -

3, 4

, 

. -

, -

. -

, 

; -

-

-

. 

.  

-

, -

. 

-

. 

, , 

, -

, -

.  

-

- . , . . - . 

. . , 

. 



13

1

1.1

1.1.1. . . 

-

-

. , . . 

″ ″

( . [1-3]

). -

, ( )

, -

. :

;



14

; -

;

. 

.  

, , 

-

, -

. 

. 

, 

, 

[2-4]

θβθθθ+=
1

0
3 ],),(),([)]([

t

t
k duxLtxVI .    (1.1)

L(⋅) – ( ) -

; (θ) – ; (θ) – ; β −

; V(⋅) – x(tk); [t0, t1]

– . (1.1) -

, 

V(x(tk)) -

[t0, tk] , [t0, t1] L(⋅) -

. , -

, 

. -



15

, 

-

. 

-

, 

, -

(1.1) V3[x(tk)]≡0. -

, 

( ) -

[t0, t1]. 

. 

1.1. -

, -

( -

) . 

, 

, , 

. , 

(1.1) L(⋅)≡1 -

-

, 

-

. , -

-

( ). 



16

L(⋅), -

, L(⋅) , .  

1.2. -

-

, 

. 

[5]. -

. . 3 [6]

. -

. 

1.2 -

, , 

, , -

. 

.  

1.3. ( ) ( -

) ( -

, , 

.) , – -

.  

-

1.1. 

1.1



17

-

  

- -
-

- -
-

-

1.1 1.2 1.3 1.4 1.5
- 2.1 2.2 2.3 2.4 2.5

- 3.1 3.2 3.3 3.4 3.5

- 4.1 4.2 4.3 4.4 4.5

1.1 - 1.3, 2.1, 2.3, 2.4, 3.1, 3.3-3.5, 4.4

, 2.1, 2.5, 4.1, 4.5 -

3-5 ;

1.5, 2.2, 4.2

; 1.4 -

.  

1.1.2. 

, 1.1, 2.1, -

-

, 

. 

, 



18

-

.  

, -

, -

. -

. 

-

, . . -

. 

. 

50-70- . 

, , , 

, , 

, -

. . , . . , . . [7, 

8], . . , 

, . , . - , 

, . ( . [9] -

). 

. . 

. 

. . , 

[7].  

, -

, , 



19

- -

, 

, – bang-

bang control. 

-

, , , , 

-

, 

[10-27].  

. -

-

, , 

( 1.1). -

-

, . -

, 1.1, . 1.1.  

. 1.1. -



20

-

u(t) , -

. -

(t) ψ(t), 

. 

– ψ0 0 -

ψ(t) , 

t

t . 

. , ψ0 -

, -

ψ(t) ( ., , [7]). 

-

n- , . . 

[25]. 

- , -

, -

. -

n , -

. 

-

, -

. -

, 

, – -



21

ti , -

[27, 28].  

( 1.2) , 

[29, 30]. -

-

, 

. -

-

. 

, 

, -

. 1.3, 2.3 -

, . -

, , 

, -

, -

. 

-

. , 

-

, 

, 

, 

. 



22

, 

. [31], -

5%

, -

. , , 

, 

-

, -

. 

. . 

[25, 26, 32]

, 

, -

( , ). -

, 

, x(t) . 

. 1.2, – -

, – , -

2.1.  

. 1.2.   



23

, . 

1.2, ε, -

. 

, 

. , 

, , -

, , -

-

( ., , [33-37]). [33]

, -

.  

2.3 -

-

, -

, . . . . -

, . . , . . -

. . . [26, 31, 32, 38, 39] -

, 

, , -

, 

. 

-



24

[40], -

. 

, 

, 

.  

-

, , 

″ ″ , 

. , 

, ″ ″

-

, -

, . -

, -

. -

, -

.  

, -

, 

-

-

[31, 40, 41]. 

-



25

[31]. -

( ) -

. , -

″ ″ .  

-

[3, 28, 34, 36-43].  

, [27], -

. -

, -

– , 

– , -

. -

, . 

[31, 42] -

-

, -

. , 

, , 

- , , -

.  

[27, 41]

n

( . . 

) m. -

-

, n- (

n m , m<n). 



26

, 

-

; -

, 

, 

; , -

-

; , -

. 

, , 

[31], -

. 

: , . 

, . . , , 

( )

, . 

. . , -

, -

. -

( . 1.3). 

. 1.3 -

x x . 

u(t) c

;

)( cxx +−=ε , 



27

)(xxc ϕ= − , 

. 

xxc γ= .      (1.2)

. 1.3. ,  

. . 

, (1.2), – -

-

u(t). , xx,  -

γ

. -

, -

Δ, 

-

. -

-

, , 

, , . , -

- (

2.4). , [31], -



28

-

14% [31, 

. 79]. 

[34, 41, 43], -

(

) , 

. -

, , 

, . -

, 

( ), 

, 

. [27, 38, 43]

, -

, -

, -

, . 

, 

. 

-

, . , 

[41] -

( -

), . . 

, 

10%; ( -



29

) – 50%. -

, -

, 

. [41]

25 %. 

″ ″ ( -

) , 

-

[41, 44]. -

. . [4, .364]

: ″ -

-

, 

. …. , -

, .″ , 

-

, -

, -

, 

, 

[35, 36]. 

, 

, 

. -



30

, -

, ( -

). -

[27, 43, 45,46]. 

( 3.1-3.5, 4.3). 

[45], 

. 

: G – -

; H – -

; Z – , , 

. 1.4. 

. 1.4. 

. 1.4 z(t), g(t), η(t) – Z, G, H -

. [45]

Utu γ≤|)(| ,     (1.2)



31

γ= nst – , -

; U –

. , -

, [27, 45, 47]

, , -

G, , -

.  

-

η(t), z(t), -

H, Z. -

xi, 

)(* txx iii ξ+= .     (1.3)

(1.3) , 

-

. , -

, , -

. 

″ ″

, -

. -

-

(c . [48, 49]), 

Ni, . . ii Nt ≤ξ |)(| , i =1, 2,…  



32

-

. ., 

, Z, 

, -

. , [50-

54], -

-

. , 4.1, 4.3

. 

[38], -

, -

, -

.  

[38] -

n- , 

-

. , -

n-

, [38]

. 

( ), 

, 

. 

, n- -

, -

. 



33

-

-

, . -

, , -

.  

n-

[55] l n

. ″ ″

-

. 

, 

-

( . 1.5). 

. 1.5. 



34

-
. , -

, 
, .  

, -
[178] -

, . 1.2. 

1.2

- -

, 

-
-

k k -
  

-
-

-
-
-

-

-
-

  k k

- -
-

, -

. 



35

1.1.3. 

[56, .201], 

, , -

-

, . -

, , 

, -

. 

[3, 57-60]. , -

, 

, , 

. -

[61].  

, 

, -

. 

/ [57, 60, 61], -

. 



36

[62], 

, -

. -

. 

[63, 64] -

, -

, . 

, 

, -

, -

-

. 

, -

, 

, -

, -

. 

, 

-

. 

. 

″ -

″   ″ ″ , - , 

[65, .39]. , 



37

[48, §4.1; 79, §1.2; 67, 

.II, § 1]. 

, -

, , - , . . . 

, -

[68, 69]. -

[48, 65-67, 79].  

-

[60, 66]. 

-

, . 

, 

( , , 

. .), , -

. 

[72] -

-

( 3.5), -

. 

.  

-

, -

. -

. 

, -



38

, -

. -

. -

, , -

. 

-

, -

, -

, ( -

) -

, . -

, , [49, 

70-75]. , 

-

(3.5). 

-

( 2.5, 4.5), -

, [76, 77]. 

, -

-

-

[4, §10.1].  



39

( )

. 

. , 

, 

. 

. -

( ), 

– , -

.  

, -

. -

( ., 

, [4, . 469]). 

-

, 

. 

( )

, -

[4, 49, 67]. 

, t

-

, -



40

ct [70], -

, Ξt -

[48, 49]. 

ξt c

ct . 1.6. 

. 1.6. 

, 

. 

, -

( ), -

ct , -

[70]. 

, ut

, . -

),,( 1 tttt cufu θ= − ,    (1.3)



41

θ=x0-xt – , -

( ) . , 

:

),,,( 11
0

−−= tttt cuxxF ,    (1.4)

( ) . 

-

, , 

, -

.  

(1.4), (1.5) -

. -

, , , 

. -

, ut

ct

.  

, 

(1.4), (1.5), -

. -

, [67, .1.3.1°; 70, 

. 7.1.1], . 

1. . -

-

( -

, ). 



42

-

, . 1.11. 

2. . -

( -

) ( -

)

( ). 

. 

3. . 

. (1.4), (1.5), -

. 1.6. 

4. . 

, 

(

t xt).  

1.2. -

. -

-

. , 

, , -

, 



43

, -

.  

. , 

, -

. -

, -

, , . . , 

. -

. 

-

, -

, 

. -

. 

, 

. 

, , 

, -

. 

:

;



44

;

. 

-

. 

-

. 

-

  , 

, -

.  

-

. , -

, -

, 

. 

. -

. 

1. . -

-

, , -

. 

2. , -

, , -

. 

, -

. 



45

3. -

( ) -

. 

: , -

-

, -

(

); -

; , -

; -

. 

-

-

. -

-

, . 

-

, 

-

. 

-

. 

-

  



46

∞
δ=

0

2
1 )( dttI h ,     (1.5)

∞
ε=

0
2 )( dttI y ,     (1.6)

δh(t) – , -

; εy(t) – -

. 

[38, 41]

∞
ε=

0

2
3 )( dttI y .     (1.7)

∞
ωω

π
=

0

2
3 |)(|

2
1

djE
j

I ,    (1.8)

E(jω) - - εy(t). 

, -

, 

. , 

, 

. 



47

, 

-

. 

-

. 

, -

, 

, 

. 

-

, -

[78, 80-98], . . 

. -

-

( ). 

, -

. 

″ daline″ ( daptive linear neuron)

[86, 89-92, 98]. , -

-

[89]. -

, [57, 63, 64, 99, 

100]. . 1.7. -

″ ″ xn , 

u, -



48

. wn

, -

. -

y, u, 

d. y d, 

e=d-y, -

, , [91, 94, 98]:

iii exkwkw μ+−= )1()( ,      (1.9)

k – , i – , μ - -

( μ<1). -

, 

d. 

, , -

. , 

. , 

, -

. 



49

.1.7

-

-

, , 

. -

, , , -

, , 

. 

. , 

. -

, -

  

;

, 

[84, 88, 91]. 

1.3. -

  



50

-

:

, 

n

, 

xi X(x1, …, xn), -

, , , 

, -

, -

-

. 

, :

1. X(t0), 

V, t0 – :  

[ ] [ ]nn xxxxVtX ,...,)( 110 ××=∈ ;    (1.10)

2. Ω∈)(tX -

(0, …, 0)∈Ω, )(\ 0tXV∈Ω ;

3. 

iii ccc ≤≤<0 ;     (1.11)

4. -

xi ξi



51

iii xx ξ+=* ,     (1.12)

ξi – , , |ξi(t)|≤Ni, 

Ni – i- , -

, ni ,1= . 

, 

, 

. 

. 

. -

-

, . 

-

, 

-

. 

-

:

I – -

;

II –

, -

;



52

III – -

, -

;

IV – -

;

V - ( -

) , , -

. 

-

. 

, 1- -

, -

II, III, IV V

. 



53

2

.  

2.1. 

2.1.1. -

-

( ). : -

, -

, 

:

[101-110].  

-

( ), -

-



54

-

. , -

, -

, 

. -

. 

-

. 

( )

. 2.1.  

-

. 

-

-

. -

, 

. 

, -

  , 

. 

. 2.1. 



55

-

:

)()()( 0 ttt β−β=θ - ;

)()( tktu θ= - ;
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;
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)()()()()( 003
)1(

2
)2(

1
)3(
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=
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d
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M3(t) X3, f2 – M2(t)

X2 f1 – M1(t) X1. 

. 

, -

|f(t)|≤f0.  

-

-

ω1(t), ω2(t)

ω3(t)= nst. , 

3 I2=I3=I, (2.11)

  

.0)(

);()()()()(

);()()()(

33

1332

3231

=ω
+ωω−=ω

ωω−=ω

tI

tlfttIItI

ttIItI

   (2.12)
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(2.12) ω3(t)=const=a3. 

μ=a3(I-I3)/I, (2.12)

ω1(t), ω2(t)

).()()(

);()(

12

21

tf
I

l
tt

tt

+μω−=ω

μω=ω
    (2.13)

, 

2, (2.11) :  

.0)(

);()()()()(

;0)(

33

1332

1

=ω
+ωω−=ω

=ω

tI

tlfttIItI

tI

   (2.14)

(2.14) . 

, 2 -

ω1(t)=0, ω2(t)=0 u(t) -

f(t). 

(2.14) -

)()(2 tkut =ϕ ,      (2.15)

k=l/I. 

-

. -

( -

)

. 
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, k

. 

2.1.4. 

-

. 

: , 

, , ( . 

[82, 115-119]). -

– , 

, . 

, -

. 

. -

.  

, , -

: , -

, , . -

, 

, 

.  

-

, . 2.5. 

, -

, 
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, 1, 2. 

, -

, -

, .  

–

Q (Q 1,…, Q n) , n -

, – xp Qp, -

. 

  

. 2.5. 

(x1,…, 

xn) , 

. -

( ) q(q1,…,qn), 

n – . 

-

x, q Q -
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).,(

),(

m QQAq

qfx

=
=

      (2.16)

m – , -

Q -

Q . (2.16) –

, – -

.  

, :

i
ii

Q
dq

dL

q

L

dt

d =−
∂
∂

,    ni ,1= . (2.17)

= ==
=++

n

k
ii

n

j
jkij

n

j
ijij Qqqbqa

1 11
,    ni ,1= .  (2.18)

, -

, – ( , , 

. .), – , . 

:

QqcqqbqqA =++ )(),()( ,     (2.19)
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A(q) – n×n, -

; ),( qqb - -

n; (q) – n. 

-

-

. -

, , 

. 

( . 

[115, 117]). 

, -

. -

. 

2.1.5. 

t

q, ω, -

x0s y0s. 

[47, 121, 122]. . 2.6, 

, : X, Y, Z – -

, ; N – , 

; v – ; ω –

; θ – (
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); α – (

); β – -

. 

, . 

X, Y

. 2.6. 

Z. 

. -

, . . [47, 122]:

,

,0

,0

313131

212121

ϖ=
τ
θ

=β+α+ϖ+
τ
ϖ

=β+ϖ+α+
τ
α

d

d

sqr
d

d

srq
d

d

    (2.20)
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ϖ – ; τ - ; q21, 

q31, r21, r31, s21, s31 – . 

:

,

,

0

0

τ=

τ=

d
v

L
dt

v

L
t

     (2.21)

L – ; v0 – -

. -

– . (2.20) -

, 

.  

, β

[47, 121, 122]:

β+
τ
β−=

τ
θ+

τ
θ+

τ
θ

s
d
d

s
d
d

q
d

d
p

d

d
312

2

3

3
2 ,    (2.22)

, q, s31, s – . 

– -

, . -

-

. -

( ) -

. 
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, -

-

. , -

, , . 

, 0 ±180°. 

, 

. -

-

. 

(2.22) -

. , . . [121], 

, , -

, , . 

, 

02 23 =α+α+α qp , 

(2.22), 

01 =α ,   qpp −±−=α 2
3,2 . 

α3 α2. , 

α3 , -
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. , s31

s , -

. 

, 

:

β=
τ
θ+

τ
θ

r
d
d

d

d
a

2

2
,      (2.23)

a, r – , -

.  

. 

, 

, 

, -

. -

, 

-

. 

. 

2.2. 

. 

-
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, , -

. , , , 

, -

, , -

. 

-

( . 2.7).  

. 2.7. , 

-

:

max – y (t) -

y ;

y∞ − y (t) -

;
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σ − -

y (t) y∞

, 

100max

∞

∞−=σ
y

y
%. 

σ

;

t − , -

y(t) y∞

Δ;

θ(t) – , -

y (t) y

, )()( tyyt −=θ ;

Δ − ( -

), t≥t

∞−≤Δ yty )( ;

n – f

. 

-

. -

, -

, . 

, -

-
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, -

. -

, . . -

-

, -

, . . 

, -

.  

, . -

:  

, , 

, , , 

, , -

. .;

, , -

. . 

, 

, -

. , -

. -

:

, -

; ;
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; -

; -

;

-

;

;

;

-

; -

, -

, , 

, . . -

, -

– -

;

, . . 

, ;

-

-

;

;

, -

, 
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. 

, 

. , 

, 

, 

. 

2.3.   

-

[123-128]. -

-

, 

( ) [125-128], -

[126]. -

-

( ., [129, 130, 132]). 

. 

, -

, .  

t

)( 0tx u(t0, t). 

-

, y
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u )(|)( 00
txtx tt == . , -

x(ti), (i=1, 2,…, n), 

t. 

, -

x(t)∈X, . 

-

)),(),(()( ttutxftx = ,   )()( 00
txtx tt =−   (2.24)

)]),(),([)( ttutxGty = ,     (2.25)

x, u, y

x∈ℜn, u∈ℜm, y∈ℜl. 

, -

, (2.12), (2.13)

)()()()()( tutBtxtAtx += ,    (2.26)

)()()( txtCty = ,     (2.27)

(t) – n, B(t), C(t) –

m×n, l×n . (2.26), 

(2.27) -
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, 

. 

. 

-

, B C, -

.  

2.3.1.   

(2.26) -

, . . u(t)=0, 

)()()( txtAtx = .      (2.28)

(2.28)

. -

x(t0) (2.28) t>t0

  

)()( 0
)( 0 txetx ttA −= .     (2.29)

  

)(
0

0)( ttAett −=− ,     (2.30)

(2.28) (2.27)

)()()( 00 txtttx −= ,     (2.31)

)()()( 00 txttCty −= .     (2.32)
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)(
0

0)( ttAett −=− ( -

) . )( 0tt −

x(t) -

)( 0tx , , , -

0tt − . )(tx -

( ) , 

(2.29) -

. 

, (2.27)

(2.31) .  

2.3.2.   

, -

[123]. (2.26)

, (2.30).   

)()()( 10 ttttx −= ,      (2.33)

1(t) – , -

x(t0) (2.31)

. 

(2.33) t,   

)()()()()( 1010 tttttttx −+−= .    (2.34)
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, )(
0

0)( ttAett −=− )(
0

0)( ttAett −=− , -

(2.34)   

)()()()( 10 ttttAxtx −+= .     (2.35)

, (2.35) -

(2.34), 

(2.35) (2.26) .   

)()()( 10 ttttBu −= .     (2.36)

(2.36) )(1 t , -

20
1

1
0

)()()( cdButt
t

t
+ττ−τ= − .    (2.37)

(2.37) (2.33), 

ττ−τ−+−= −
t

t
dButtttttx

0

)()()()()( 0
1

020 .  (2.38)

[128] (2.38)

τττ−+−=
t

t
dButtttx

0

)()()()( 20 .   (2.39)
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2 (2.39)

t=t0. (0)=I

)( 02 tx= .      (2.40)

, (2.35) , u(t)≠0, 

  

τττ−+−=
t

t
duttxtttx

0

)()()()()( 00 .    (2.41)

y(t)

τττ−+−=
t

t
dutCtxttCty

0

)()()()()( 00 .   (2.42)

(2.42) –

x(t). 

(2.38). -

u(t). 

(2.41)

-

. (2.41) , -

(2.41), (2.42) . 

, 

u(t)

( ) -
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. 

, -

( . [129, . 343])

)()( trAtr r= ,  )()( trCtu r= . 

Ar r — -

. , -

x r, 

( )TTT rxv ,= .     (2.43)

-

)()( tvAtv p= ,   y(t) = v(t),    (2.44)

r

r
p A

BCA
A

0
= ,  

r

rp

CC

C

C

C

−
= 0

0

y(t) – , , y(t)= (β(t), 

r(t), θ(t)) , θ(t) = r(t) − β(t). [132], -

(2.44)

)()()( 00 tvtttv p −Φ= ,    (2.45)

v(t0)=(β(t0), r(t0))
T. -
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(2.44) :

])1[()(])1[(])1([)( tnvttnvtntntnv p Δ−ΔΦ=Δ−Δ−−ΔΦ=Δ
  
(2.46)

, 

-

(2.46), Φ – -

t=Δt, v(t)

t∈[0, T], n=0, 1,…, N, N=[T/Δt]. -

.1. 

2.4. -

(2.20) -

. )(tΦ , -

t [131, .5, . 4]

. (2.29) , At , 

(2.26), (2.27) -

)(tΦ . 

-

-

[132-135]. -

. . 

[126, . 5, . 3]. C , -
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[135] , 

, 

90- .  

)(tΦ ( ) . , -

)(tΦ , , 

4≤n , n

AtM = . -

.  

eM -

(t) )(MF

=
=≈

N

k

k
M

k

M
MFe

0 !
)( ,     (2.47)

N+1 . -

N, -

(2.47). -

R

R
k

M
e

N

k

k
M +=

=0 !
.    (2.48)

N -

eM. -

[132, . 1.6.1] -
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N (2.47) , -

  

ε≤
−+

≤
+

qN

M
R

N

1

1

)!1(

1

.    (2.49)

•
1•

[139, . 14.48], ε - -

, N - , 

0
2
≥

+
=

N

M
q        (2.50)

1<q . , -

(2.50) N , -

(2.49) , 

0)!1(1 →++ NM N ∞→N ( . [132, c. 51]).  

, 

R (2.48), , -

N -

(N+1)- M 1+NM . 

. 

, -

R , [123, . 6.9]. 
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N

,   

2+≥ MN       (2.51)

  

ε≤
−+

≤
+

qN

M
R

N

1

1

)!1(

1

.     (2.52)

(2.51) q<1 (2.50);

(2.52)   

kk MM ≤ ,       (2.53)

, , [140, . 7]. , 

(2.53)

, “ ” -

, (N+1)- M , 

N . 

(2.53) (2.52)

ε, (2.49)

( (2.53)). 

, N

, 

N M; n-1

M [131, 134]. -

)()()()()( MRMRMPMQMF ++ =+= ,   (2.54)
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, , [131, c.92]. 

n
nn ppMIP ++λ+λ=−λ=λ − ...)det()( 1

1      

- M, )(MR+

n-1, -

F(λ) P(λ)

)(

)(
)(

)(

)(

λ
λ+λ=

λ
λ +

P

R
Q

P

F
.    (2.55)

(2.54)

- [131, . IV, .5].) NMF =)(deg ( . 

F(M) (2.54)), (2.47)

F(M) )(MR+ ( (2.54)) -

, nN >> .  

, 

eM (2.48)

ε , [123, . 

115] [134]. , -

[141] .2.  

2.5. -
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. , 

[111]

)1(
)(

+
=

Tss
k

sW ,     (2.56)

k – , -1, -

, .  

, -

)()()( 21 tuKtxKtuopt +−= ,    (2.57)

)0,(1 TkK T −= , )0,1(2 =TK . , 

. -

: 1) , α(t)= mt; 2)

(t) = N sin nt.  

β(t), θ(t)

-

, , , 

. 

-

:
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),()(
1

)()(

),()(

212

21

tu
T

k
t

T
t

T

k
t

tt

+β−β−=β

β=β
    (2.58)

β1, β2 – , 

. 

(2.60) β (0)=(0, 0). , 

,   

0)(

),()(

2

21

=
=

tr

trtr
     (2.59)

rT(0)=(0, m).  

k = 2 -1, =

0,4 , m = 0,2 -1 . 

2.8.  

. 2.8. 

θ(t) -

, 
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θ (t) , -

( 2.5 t>2,7 c). 

θ (t)≤0,1 . 

  

k

m
tDt =α=θ )()( 1 .        (2.60)

(2.60)

θ (t)=0,1 , . -

(2.59)

),()(

),()(

12

21

tnrtr

tnrtr

−=
=

     (2.61)

(2.59) rT(0)=(0, N). -

(2.58), -

N=1, n = π/4 / -1 . 2.9.  

. 2.9. 
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2.6. 

2.6.1. . 

, -

, . 

[142]. , -

. . , . . 

. . [143].  

-

, 

-

, . , -

. , [142], 

. 

, 

-

. 

″ ″, 

. 

, 

. -

, , 

. 

, -
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-

( ). 

, 

, 

. , 

, -

. , -

w

, X. w -

w′ :

,,

,,

XcXww

XcXww

−=′

+=′
  (2.62)

– .  

. 2.10
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-

(2.62). -

. -

0<c≤2. (2.62)

, 

, wX . 

, -

. =0, 

; =1, , 

( , ), 

; =2

( .2.10). 

, ″ -

″ , -

, , -

(2.62) , 

″ ″, -

. 

2.6.2. 

. 2.6.1, -

.  
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-

. -

ε≤α+β=η iii x ),( .     (2.63)

i=0, 1, 2, … –

, , β - , -

, α, ε − .  

i (2.63)

{β}. (2.63) -

: β0, …, 

βi xi α ε. -

″ ″ [79]. 

xi

β

ε>ηη−β

ε≤ηβ
=β

−−
−

−−−

−−

.||,||

,||,

11
2

111

11

nnnnn

nn
n

xx
(2.64)

(2.63) βn

, βn (xi, 
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βi)+αi=0, (2.63). 

. 2.11. 

.2.11 ″″″″ ″″″″

, (2.64) xi, 

βi ε

βi. 

2.6.3. 

-

-

, 

. . [48, 49]. 

-

n- , -

β≈β*, 
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)(n
βΒ∈β ,      (2.65)

)()( 0nn
ββ Β⊂Β . 

-

)(n
βΒ . 

  

nnn uxx 211 β+β=+ , 0
0 xx = , ...,,2,1,0=n   (2.66)

β =(β1, β2) – , 

)0(
βΒ . -

x0 x1. x1 -

(2.72) ],[ i
j

i
j

i ββ∈β , βi – i-

β, j- -

:  

],[...],[ 00
i
j

i
j

iii
j ββ∩∩ββ=Β , i=(1, …, N).   (2.67)

i
j

β i
jβ -

, (2.67) -

βi ( .2.12)

],[1
i
j

i
j

i
j

i
j ββ∩Β=Β − .     (2.68)
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.2.12. 

, -

(2.68) -

(2.66). 
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3

3.1. , 

, 

)()()( τ−+= tButAxtx ,    (3.1)

x∈ℜn, A={Ajk} (j, k=1, …, n) – -

, B={bj} (j=1, …, n) – , n≤3; u(t) – , τ −

.  

n=2 xT=(x1, x2), 

(3.1)

τ−++=
+=

),()()()(

),()()(

22122

21111
tkutxbtxatx

txbtxatx
   (3.2)
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ai, bi, i=1, 2 – , 

[ ] 04)(,0)(
2

1
21

2
2121 ≥+−=Δ≤Δ±+ abbaba .  (3.3)

(3.3) , 

A (3.2)

.  

, x(0) (3.1)

V , 

. .  

],[...],[)0( 11 nn xxxxVx ××=∈ ,   (3.4)

ii xx , –  i- V, 

i=1, 2. , xi -

. 

, a, b, c, d, k τ -

. (3.2) t

f(γ, x), γj -

γ

a, b, c, d, k τ

jjj
γ≤γ≤γ , 

j=1, 2, … . 
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, n>2, F(γ, x)

t -

(3.1) xT=(x1, …, xn).  

-

, -

γi. 

3.1.1. 

  

[145, 146] , -

  

)()( tkutx = ,     (3.5)

2 ( . 2.1.3, (2.15)) -

2 ( . . 2.4).  

vT(t)=(x1(t), x2(t)), 

− ; x1(t) – , -

; )()( 12 txtx = , (3.5) -

  

=
=

).()(

),()(

2

21

tkutx

txtx
     (3.6)

t t∈[0, T], T

. , -
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(3.6) (3.2)

a1=a2=b2=0, b1=1, (3.3) , -

. 

u(t) − , u(t)∈{-1, +1} , k>0 – -

. , -

v(t0)

(3.6), v(t0) t0=0, v(0). 

, -

v(t) v(0)∈V⊂ℜ2 -

ε- , V –

. 

(3.5) [145, 146]

>+

<−
=

;0),((,

,0)),((,
)(

dtvfU

dtvfU
tu    (3.7)

<=+

>=−
=

;00)),((,

,00)),((,
)(

2

2

xdtvfU

xdtvfU
tu   (3.8)

221),( xdxxdvf −−= .    (3.9)

(3.7), (3.8) f(⋅) -

c d=1/2k, 

[31, .62]. (3.7) , 

(3.9). 

(3.9), -

(3.8). -
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, (3.7), (3.8) -

(3.5), 

(3.9). 

(3.8), (3.9) , 

(3.5) , 

, -

-

. 

-

, 

, 

, . 

Ω x(tk), . . 

x(tk)∈Ω. 

, d (3.9)

0,5k-1, . 

{x1, x2} ( . 3.1). 

d (3.7)-(3.9) -

, -

. 

-

. 

, -

( ., . 

2.6.1). 



103

. 3.1. M0, 1, 2

d f(⋅⋅⋅⋅): d′′′′>d, 

d″″″″<d

, (3.7)-(3.9) , 

f(⋅)

F(c, w)=λf(d, v), λ>0, 

:

wcwcF T=),( .     (3.10)

cT=(c1, c2) – c1=λ, c2=λd, wT=(w1, 

w2), w1=-x1, 222 xxw −= . -

v w
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. 

:

<−

>+
=

−

−

;0)(,1

,0)(,1
)(

1

1

twc

twc
tu

T
n

T
n

n     (3.11)

<δ≤+

>δ≤−
=

−

−

,0|)),((|,1

,0|)),((|,1
)(

1

1

zctwF

zctwF
tu

n

n

n   (3.12)

0)(1 =− twT
n , δ - , 

-

. 

(3.11), (3.12) (3.7)-(3.8)

),( cvf , x2, F(c, w), 

, 

c nc , 

n- ( ). 

, -

, -

, -

. , 

, , 

-

, 

- . -

Ω- .  
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tn , n- -

( ) w(t)

{w}⊂ℜ2 -

F(w, cn-1)=0, 

c n-1 , . . -

. l(tn) -

tn, t=0. 

-

:

>≤>−

<−>−

>≤<−

>−>+

≤<

=

−

−−Ξ

−

−−Ξ

−

.|)(|1,)(,0)0(

0)0(ˆ,1)()},({Pr

;|)(|1,)(T,0)0(

0)0(,1)()},({Pr

;1)(,|)(|,

1

11

1

11

1

rTwTltw

twTltwc

rTwltw

twTltwc

TlrTwc

c

nnn
T
n

n
T
nnnn

nnn
T
n

n
T
nnnn

nnn

n (3.13)

r – - Ω –

{w}⊂ℜ2 δ; Tn -

v(t)

v(0) Ω- n– ; PrΞ{⋅} –

n Ξ=[0,1, ∞]×[0, 

∞]. 

(3.13) -

. 

( . . V [74])

, , 

v(t) Ω- , . . l(tn)≥=1
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tn<t<Tn, ))0(,( 1 ±− nn twcF

Pr{⋅} Ξ. 

)( ntw -

( . [74], .84). , -

(3.11)-(3.13) . 

3.1. (3.6)

www n ≤≤< )0(0

n, 

wn(t) n- , , , 

rTw nn
n

=
∞→

)(lim . 

ε1, ε2 -

1,0)1(
0 ≥ , 0)2(

0 ≥ {cn} -

N* c* , cn=c*≡const

n≥N*, (3.11)-(3.13) -

. 

1 [147], 

, 

5.1 . [142], -

.3. 

3.1.2. 
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, 

(2.8) . 

(2.8)

[112, 113, 148, 149]

)()( 221 txktx = ,   )()()( 1
12

1
2 tuTktxTtx −− +−= ,  (3.14)

(3.14) x1(t)

, x2(t) – . 

(3.14) (3.2) a1=a2=0, 

b2=-T-1, b1=k2, (3.3) , -

-

. (2.8) -

(3.14) a1=0, b2=1, a1=-T-1, b2=kT-1.  

, {x1, x2} -

0)1ln(sign),( 2
)3(

2
)2(

2
)1(

1 =+−+≡ xdxdxdxdxf (3.15)

dT=(d(1), d(2), d(3)), 

Tkd 2
)1( = , Tkkd 21

)2( = , )2()1(1
1

)3( ddkd ≡= − (3.16)

, x1(0), x2(0) (3.14) -

-

.  
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k1, k2 , 

TTTkkkkkk ≤≤≤≤≤≤ ,, 222111 ,    (3.17)

. 3.1.1

(3.14) . 

(3.15) , f(x, d) -

d(3), 

d∈ℜ3, (3.14) . 3.1.1 -

.  

vT(0)=(x1(0), x2(0)). -

, -

, . 

V v -

[− vv, ], . . 

111 )0( xxx ≤≤− ,   222 )0( xxx ≤≤− ,   (3.18)

, . . |||| vv = . 

ε>0, Δ>0

δ =δ (ε, Δ, )0(),0( 21 xx ) , (3.11) -

0)ˆ1ln(signˆˆ)ˆ,( 2322211 =+−+≡ xdxdxdxdxF   (3.19)

(3.14) -
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{x1(0), x2(0)}∈V\{0} ε-

),( δ∈ dDd , ],[],[ 2211 xxxxV −×−= , D(⋅,⋅) − δ-

d.  

, . 1.5.1, . 

3.1.1, (3.11), (3.12), (3.19) -

. 

, -

w=(w1, w2, w3)
T, 

11 xw = , 22 xw = , |)|1ln(sign 2
)3(

22 xdxw +−= ,     

(3.19)   

0T =wc ,        

{0, 0, 0}. cT = (λ, λd(1), 

λd(2)) (λ>0). ( , ≠λd.)

.3.1.1, , k1, k2 , -

(3.14) (3.11), (3.12)

)⏐⏐+= ))(ln(1)(sign-),(),(()( 2
(3)

1-221 txdtxtxtxtw n ,  (3.20)

n-1
)3(
1−nd – c d(3), 

(n-1)-
1. 

                                          
1 -

. 
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. 3.2. 

),( δ∈ dDd

0T =wc      (3.21)

),,( )2()1(T ddc λλλ= , , -

, ( . . 3.2) , -

-

, , . 3.1.1. 

″ ″ :

w(t), (3.20) -

w(1)=x1(t), w(2)=x2(t), ))(ln(1)(-sign 2
)3(
12

)3( += − txdtxw n , 
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-

01 =− wcT
n , (n-1)- , 

n- , )3(
1−nd -

d(3).

″ ″

, . 3.1.1. -

, , , -

, -

w(t), 

)⏐⏐+=+ ))(ln(1)(sign-),(),(()( 2
(3)

221 txdtxtxtxtw .  (3.22)

(3.21) ( (3.20))

, 

))(ln(1)(-sign 2
)3(

2
)3( +=+ txdtxw

( , w+(t) - ″ ″ ). 

cn

)3(
nd . 

cn c , 

. 3.1.1; , , , -

, w(3)(t), )3(
nd . 

)3(
nd -

δd , 
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∈ )3()3( , dddn , (3.16) (3.17)

1
)3( 1 kd = ,  1

)3(
1 kd = .   (3.23)

;

)3(
nd -

. -

(3.13), f(⋅) -

(3.21) (3.20)

Ξ=[1, +∞)×[0, +∞)×[0, +∞) ⊂ ℜ3, )3(
nd -

:  

δ+

ν≤ν
=

−

−−

;

,,

)3(
1

1
)3(
1)3(

dn

nn
n

d

d
d     (3.24)

≤+ν

=≤ν
=ν

−

−

;1

,1)(,|)(|,

1-1

1

vv

Tlrtw

nn

nn
n (3.25)

ν>ν=ν −10 nn ;    (3.26)

)3()3(
0 dd = ,  00 =ν .   (3.27)

δd>0 − . 

(3.13), (3.24)-

(3.27) , )3(
nd , 
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νn , 

(3.25), )3(
nd

ν . 

}{ )3(
nd , δd>0 -

, [144] (3.25)  

[ ]2)3()3(
nd ddV −=

. -

)3(
nd w(t) (3.20)

″ ″ w+(t) (3.21). -

-

″ ″ . 

3.2. Ω

εΩ- ℜℜℜℜ2. -

(3.14). , k1, k2 T -

(3.17). 

ε>0.   

),,,,,,,,,( 2211
0
2

0
1 Ωεεδ=δ TTkkkkxxdd , 

),,,,,,,,,( 2211
0
2

0
1 Ωεεν=ν TTkkkkxx

, c0∈Ξ d0 ν0, -

(3.27), {x1(0), x2(0)}∈V \ E:
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a) {cn}, { )3(
nd }, (3.13), 

(3.24)-(3.27), (3.22)

N* *, d* , n=c*≡const, const)3(
*

)3( ≡= ddn

n≥N*;

) (3.11), (3.12), (3.13), (3.24)-(3.27) -

(3.14) (3.17). 

[147] , 

3.1. 

3.1.3. 

, 

, 

. 

, , -

-

. , 

-

[150]. 

[35], -

-

. -
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-

. 

, 

)()()(
2

tu
s

k
tu

s

kT
tx += ,   (3.28)

x(t) – ( )

; u(t) − , -

; k –

, T – , k, T. 

. 3.3.  

. 3.3. 

: x1(t) - , x2(t)

–

u(t). (3.54)

=
+=

).()(

),()()(

2

21
tkutx

tkTutxtx
    (3.29)

(3.29) (3.2)

01 =a , a2=0, b1=1, 02 =b , (3.3) , -

-

. (3.29)
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XT(0)=(x1(0), x2(0)), XT(0)∈V\Ω⊂ℜ2, –

Ω. (3.29) . 

, k, T

,kkk ≤≤    TTT ≤≤ .   (3.30)

(3.29) -

x1, x2

>=−+−−

−<=+++−
≡

.2)0(,0

;2)0(,0
),(

32322
2
211

32322
2
211

cxcxcxcx

cxcxcxcx
cxf   (3.31)

–
k

c
2

1
1 = , Tc =2 , 

2

2

3
kT

c = . -

x1, x2 f(x, c)

x2 , x2 ( . 3.19).  

. 3.4. 
0

(3.29) , t

x1(t)=0, x2(t)=−kTu(t). -

, x1, x2 k, T -
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x =(0, 0) . -

,   

−=

+=−
=

,1)(),,0(

,1)(),,0(
)( 0

tukT

tukT
Tx     (3.32)

k, T, 

(x1, x2)

(0, 0) (x1, 1x ). , 

X T=(x1, 1x ). 

(3.32) T 0 – -

  X T(0)∈V′= ],[],[ 1111 xxxx ×       X T=(0, 0). -

(3.29), X(t) -

X(0)∈V⊂ℜ2 Ω⊂ℜ2 -

Tn≥T0 -

k, T, (3.30). Ω

. 

(3.31) -

F(w, c)=λf(x, c), λ>0, 

><=

<>=
≡

+

−

,0)0(,0)0(,0

;0)0(,0)0(,0
),(

31

31

wwwc

wwwc
cwF

T

T

  (3.33)

Tw+ =(-x1, x2
2, x2, 1), Tw− =(-x1, -x2

2, x2, -1), Tc =(λ, λc1, λc2, λc3). 



118

(3.11), (3.12), 

(3.29)

X(0)∈V\Ω Ω
0+Δ ĉ∈ ( , δ), (⋅,⋅) - δ- -

.  

. ĉ . 

F(⋅) -

. 3.1

(3.13), w(tn) :

>

<
=

−

+

.0)0(),(

,0)0(),(
)(

1

1

wtw

wtw
tw

n

n
n     (3.34)

(3.13) ĉ

],[],[],[],[ )4()3()2()1( +∞×+∞×+∞×+∞=Ξ cccc . -

,   

)4()2()3( ˆˆ2ˆ ccc ≥ , |)0(ˆ|ˆ 1
)1()4( xcc ≤ .    (3.35)

(3.13), (3.34), (3.35)

( 0ĉ (3.35)). 

, -

. 

. (3.29) k=1 c-2, 

T=0,5 c. xT(0)=(-5,0, 0) -

Ω. . 3.5 x1(t), x2(t) -

Tc0 =(2,0, 6,0, 2,45, 0,25). . 3.5 , 

Ω, , 

X(t) Ω - . 
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n=126

Tc126 =(30,4; 21,13; 11,63; 0,1), -

X(0) Ω -

, . x1(t), x2(t)

n=126 . 3.6. x1(t), 

x2(t), u(t) . 3.5, 3.6 . 

. 3.5. 1(t), x2(t), u(t) . 3.6. x1(t), x2(t), u(t)

2*)ˆ( ccV nn λ−= ,     (3.36)

λ=1000, *=(1; 0,5; 0,5; 0,125) – .  
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. 3.7. Vn

Vn, . 3.7, , 

. 

, 

(3.33) -

{x1, x2}, -

. , -

. 

, -

-

-

.  

3.2 , 

. 3.1, , 

, -
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, , 

. 

, -

. , . 

3.1, -

-

, , . 

12-

( . , ) . [151] -

, , -

. 

-

[148]

, , 

-

. -

, -

[151]

[152], 

[153, 154]

[155].  

3.2.1. 



122

, -

(3.14). , k1, k2, 

T [152]. 

V -

{z}⊆ℜ2, (diamV<V <∞). 

, n- -

″ ″ vT(t)=[x1(t), x2(t)] -

vn(0)∈V⊂ℜ2 -

Ω⊂ℜ2 (

) . 

Ω ″ ″ . 

. . 3.1, -

(3.14) n- -

(3.11), (3.12), 

)1ln(sign),( 2
)3(
12

)2(
12

)1(
111 xxxxvf nnnn −−−− ++−−≡ (3.37)

− , vT = (x1, x2) -

  

),,( )3(
1

)2(
1

)1(
11 −−−− = nnn

T
n .   (3.38)

. 3.1.2
T = ( (1), (2), (3))) , :  

Tk2
)1( = , Tkk 21

)2( = , )2()1(1
1

)3( k ≡= − . 

, .3.1, -
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v(tn)

0),( 1 =−nvF t = tn -

n- . -

:

−μ−

=≤
=

−−εΞ

−

.)}),((grad]),([{Pr

;1)(,)(,

11

1

nnnnnn

nnn
n tvfwvg

Tlrtv
(3.39)

μ∈ℜ+\{0} – , 

; PrΞ{ ′} −

′∈ℜ3 Ξ=[0, +∞)×[0, +∞)×[0, +∞) ⊂ ℜ3,  

επ
=ε

),(
arctg

2
),(

vf
vg ;    (3.40)

Ω∉=−

>+
=

,)(1)(,1

1,)(,1

tvtl

tl
w

n

n
n   (3.41)

r>0, ε>0 – , 

.  

(3.28) -

+
+−=

−
−−−

2
)3(
1

22)3(
1

)2(
12

)3(
122

1

sign
),1ln(sign,),(grad

x

xx
xxxvf

n
nnnn

T (3.42)

(3.39)−(3.42), . 3.8, 

, [151].  
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. 3.8. -

[151],   

n-1

v(tn), n-1 (3.29) -

. 

(3.11), (3.12) (3.28), (3.39)-(3.42)

(3.14) (

, 0 ∈ Ξ).  

. (3.14) : k1 = 1, k2 = 1
-1, T = 0,5 . ε, μ (3.39) ε =

0,01, μ = 0,01. , Ω -

Ω = {v: |x1| ≤ 0,02, |x2| ≤ 0,02}, r = 0,028.  

)5,1;1,0;8,0(0 =T , )0;0,2()0( −≡T
nv . -

. 3.9-3.11.  
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. 3.9. x1(t), x2(t) u(t)

. 3.10. x1(t), x2(t) u(t)

. 3.11. n
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. 3.12. Vn

, -

v(t) F(v, 0)=0 t1=1,17 c -

( . 3.4). . 3.10 -

, . 3.9, . 

. 3.10, v(t)

v(0) Ω u(t), . . -

.  

, -

nmax=1863 ; -

n n ≥ nmax + 1. -

{ n} * =

(0,488; 0,385; 1,487)T, ( ). -

n n∈[0, 2100] -

. 3.11. 

, { n}

, -
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,)(
3

1

2)()(2

=
−=−=

i

i
n

i
nnV

. 

. 3.12.  

, Vn – 0 ≤ n ≤ 1863. 

{ n} -

. 

, 

, -

, 

(3.14)

-

. 

3.2.2 C -

, -

[153]

).()()(

),()()(

1
12

1
22

1
11

1
11

tuktxtx

tuktxtx

−−

−−

+−=

+−=
    (3.43)

k1=−T1/(T2−T1), k2=T2/(T2−T1), x(t)=k1x1(t)+k2x2(t)

− , x1(t), x2(t) −

. , x1(t)
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x2(t) , -

. (3.33)

(3.2) 1
11
−−= Ta , a2=0, b1=1, 1

22
−−= Tb , (3.3) -

, 

. 

, -

v (t)=(x1(t), x2(t)) -

v(0)∈V⊂ℜ2 -

Ω⊂ℜ2 ( )

-

T1, T2 k, 

kkkTTTTTT ≤≤≤≤≤≤ ,, 222111 .    (3.44)

Ω ″ ″ .  

. 3.1, 

(3.11), (3.12), 

−+−≡ 1)1(sign),(
)3(

2
)2(

2
)1(

1
n

nnn xxxvf   (3.45)

, -

vT = (x1, x2)   

),,( (3))2()1(
nnn

T
n = .    (3.46)

(3.45), c(2), c(3) f(v, c)

, . -

(3.39), 

())(grad =⋅Fc .      (3.47)
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(3.11), (3.12), (3.39) (3.45)-(3.47) -

(3.43) (

, c0∈Ξ). -

∈ ⊂ℜ3, (3.39)

. 

. (3.43) : k=1, T1=0,2

, T2=0,8 c. ε, μ : ε=0,01, μ=0,01, 

Ω={v: |x1|≤0,016, |x2|≤0,057}, r=0,059.  

)5,2,1,4(0 =T

)1,5,0(0 −−=Tv . -

. 3.13−3.15. . 3.13 , 

v(t)

f(v, c0)=0 -

t=0,59 c. . 3.14 , 

. 3.15 .  

. 3.13. x1(t), 2(t) u(t)
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. 3.14, v(t)

v(0) Ω u(t)

t=0,84 c, . . . -

, , -

. -

, Ω

-

, -

nmax=18 ; cn

n ≥ nmax + 1.  

. 3.14. x1(t), x2(t) u(t) nmax-

{cn} -

c* = (3,858; 0,445; 4,866)T, c (
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). cn n∈[0, 18] -

. 3.10. 

, {cn}

C c, 

  

,)(
3

1

2)()(2

=
−=−=

i

i
n

i
nn ccV

–

. -

. 3.11. , Vn –

0≤n≤18. 

{cn} C. 

. 3.15. (i)

, , -

, 

. 3.2.1 -

, 
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-

.

. 3.16. Vn

3.2.3   

, 

-

n . . . 

, -

, 

. -

[155].  

-

, -

c

. -

-
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, -

. 

( . (2.13))

.0)(),()()(),()( 31221 =+ω−=ω= tytkutytytyty
     

(3.48)

y1(t), y2(t) y3(t) –

1, 2 3 ( . . 3.17); ω, k – , 

, 

y3(t). (3.48)

(3.2), , b1=ω, a2=-ω, a1=b2=0, τ=0. 

(3.39) (3.2)

01 =a , a2=-ω, b1=ω, 02 =b , (3.3) , 

. 

. 3.17. , 
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, ω, k (3.39)

, 

  

.0,0 ω<ω<ω<<<< kkk      (3.49)

, {y1(t), y2(t)}⊆G∈ℜ2 (3.40)

, -

[18, 32]

( ) ( )22

2

1
2

2

2

1 )0()0()()( yu
k

ytyu
k

ty +
ω

−=+
ω

− . 

{y1(t), y2(t)}⊆G∈ℜ2 -

{y1(0), y2(0)}⊆G∈ℜ2 {0, 0}⊆G∈ℜ2 -

(-k/ω, 0), (k/ω, 0)

topt, -

−+

∞

=
−

∞

=
+ =≡ ffcYfcYff

j

j

j

j

00
),(),( ,    (3.50)

|))12((1|),( 2
12 ++−+−≡+ jycycYf j

  
      (3.51)
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- , y1, 

(-2j-1, 0), j=0, 1, 2,…, 

|))12((1|),( 2
12 +−−−−≡− jycycYf j   (3.52)

- , y1, 

(2j+1, 0), j=0, 1, 2,…, – , 

ω
= k

c  .     (3.53)

f(⋅) . 3.18. 

. 3.18. 

: -

ω, k (3.48) -

, -

n- ″ ″ Y(t) = [y1(t), y2(t)]
T

Yn(0)⊂G∈ℜ2

Ω⊂G∈ℜ2
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( ) T≥topt. 

Ω ″ ″ .  

. 3.1, (3.48) n-

(3.11), (3.12), f(⋅) - -

, 

−+

∞

=
−−

∞

=
−+ =≡ ffcYfcYff

j
n

j

j
n

j

0
1

0
1 ),(),( , (3.54)

,|))12((1|),( 2
11121 ++−+−≡ −−−+ jycycYf nnn

j (3.55)

|))12((1|),( 2
11121 +−−−−≡ −−−− jcycycYf nnn

j . (3.56)

f j YT = [y1, y2]

n-1. (3.54) -

(3.55), (3.56) (3.50)-(3.52) -

c n-1, 

(n-1)- -

. (3.55), (3.56), f (Y, c)

c, .  

. 3.1, 3.2.1, -

, 

N

. . n -

, -

, u(t) -

(3.48) [7, . 112]. . 
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, -

-

. 

, -

N* (3.48) -

Y(0) j=0, 1, 2,… f j

: N*=j+1. j

Y(0) , 2 . 

YT(0)=(y1(0), y2(0)) ω, 

k (3.53)   

[ ] { }mmcyym +=+= 2))0()0(( 2
2

2
1 ,   (3.57)

[⋅], {⋅} m -

, j:

[ ] { }
[ ]

=−
=

.

,0,1

m

mm
j     (3.58)

(3.58) , 

j- . -

(3.57)

n-1 (n-1)- . 

-

: 1) N

Ω N N′, 

. . N=N′, Y(tk)∈Ω; -
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n- ; 2) -

, N , 

N′, . . N>N′, -

; 3) , -

N′, 

Ω, . . N≤N′, Y(tk)∉Ω; -

. 

(3.39) , 

(3.57), (3.58) (3.48):

−μ−

=′Ω∈≤

=
−εΞ

−

.}
),(

]),([{Pr

;)()(,

)),((
1

1

1-nn ctY
nnnn

nn

n

d

YdF
wYg

NNtYrtY

  (3.59)

μ∈ℜ+\{0} – , 

; PrΞ{c′} − -

c′∈ℜ Ξ=[1, +∞)⊂ℜ; nw -

(3.35), (3.36) . 3.2.1:  

′≤Ω∉−

′>+
=

,)(,1

,,1

NNtY

NN
wn   (3.60)

f(Y, c) -

(3.55), (3.56) :
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|)1)1(2(sign(1|sign
),( 2

111 +−+−−= Nyyy
dc

cYdF
. (3.61)

(3.59)-(3.61) (3.40), (3.55)-(3.58)

(3.48) (

, c0∈Ξ). 

. 

(3.48) k=1, ω=5 × -1. -

YT(0)=[-

0,6, 0] Ω={Y: |y1|≤0,03, |y2|≤0,03}, . . r=0,042.  

, :

ε=0,01, μ=0,01. . 3.19-3.21. 

. 3.19, 3.20 (3.48)

y1, y2 ( . 3.14) ( . 

3.15) . 0 -

, 8,10 =T . (3.59) n=132

1630132 ,T = , -

.  

. 3.21 , 

. 3.20 . 

  

Vk = ( opt - k)
2.      (3.62)

, -

-

, 

. , 
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, -

. 

. 3.19. y1, y2 . 3.20. y1, y2

. 

. 3.21. 1(t), 2(t), u(t)

. 3.22. Vk
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3.3. 

-

, -

  

)()()( tbutAxtx += ,     (3.63)

, x∈ℜ3, u∈ℜ. -

(3.11), (3.12) . 

f(⋅) (3.63) , 

(0, 0, 0) -

, u=+1, 

u=-1, . 

f(⋅)

  

)()( 1 txPty −=       (3.64)

. 

(3.63)   

)()()( 1 tbuPtyty −+Λ= ,    (3.65)
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Λ - , Λ= -1 . 

f(⋅) , 

(3.63) -

(3.39). n=2

, , 

. 

, 

. , 

. 

3.3.1

, 

[156, 157]. -

),()(

),()(

),()(

33

322

211

tuktx

txktx

txktx

=
=
=

      (3.66)

x1 – , x2 x3 − -

; u(t) – , -

: +1, -1. -

x(t), . . xT(0)=(x1(0), x2(0), x3(0)). 

, -
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iii kkk ≤≤≤0 .     (3.67)

V, 

[ ] [ ] [ ]3,32,21,1 xxxxxxV ××= ,  Vx ∈)0( .   (3.68)

Ω - , 0=(0, 0, 

0) x(0)∉Ω. 

, -

(3.66) x(0)∈V. 

(3.67), 

, Ω

. , -

. 

(3.66) -

(3.11), (3.12) -

[158]. 

v, :  

<−

>+
=

;0)ˆ,(,1

;0)ˆ,(,1
)(

cxf

cxf
tu     (3.69 )

>=δ≤−

<=δ≤+
=

.0,0,|)ˆ,(|,1

;0,0,|)ˆ,(|,1
)(

3

3

xvcxf

xvcxf
tu   (3.69 )

f(⋅)
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++++=

2/3

2sign
2

2
3

4ˆ3ˆ322ˆsign3
31ˆ1),(1 vx

x
cxxcvxcxcxf .(3.70)

(3.70) -

[26, c. 625]

ki =( 1, 2, 3, 4)

2
3

21
1

3k

kk= ,  
3

1
2 k

k= ,  
32

1
3

kk

k= ,  
3

2
4 2k

k= (3.71)

432,1 ˆ,ˆ,ˆˆ ccc ; x – x1, 

x2, x3; δ − ;

||ˆ 3342 xxcxv += . 

1. -

(

n ). (3.70) ( . 3.23) -

(0, 0, 0)

V , -

+1, –1.  

. 3.24 M0, -

1, 2, Ω -

. -

, 1-

. 
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. 3.23. f1(x, c)

( . 3.25)

(x1, x3), (x2, x3) , 

-

, 

≥≥<+

≤≤>−
=

.0,0,0,

,0,0,0,
)0(

321

321

xxxU

xxxU
U    (3.72)

(3.72) -

V, , -

f(⋅) . 

1. 

, -

. -

. 

, x1 .  
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. 3.24.  0

. 3.25. u(0)

2. x(t) -

U(0) -

, 

, , 

(3.66)

. 

, , -

, -
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, , 

, 

- . 

-

. 

Ω − , 

{ }rxx ≤ℜ∈=Ω :2     (3.73)

c   

3
2

2
2

1
22

xxxr δ+δ+δ= ,    (3.74)

321 ,, xxx δδδ - . 

ε>0 =

{ ˆ : ε≤− ||ˆ|| }, ˆ - , 

) (3.69) x(t) -

x(0)∈V1 Ω ;

) Ω, (3.73), (3.74), 

“ ” ˆ -

( , 

(t) x(0)∈V1 Ω , 

Ω⊂Ω );
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) t* x(t) x(0) Ω -

, t*≥Topt, Topt −

(t) . 

. 

. ,   

1) ∈ˆ (3.69) -

(3.72) ;

2) ∈ˆ   

)]ˆ,()ˆ,([)ˆ)(ˆ,(grad cxfcxfcccxfT
c −≥− ;  (3.75)

3) Ω (3.73). 

, 

. 

:

1) x(t) -

, l( n)>2;

2) , l≤2, 

x(t)∉Ω;

3) , -

. 

1, 2 , -

, -

, -

. 3 :

, 
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, ˆ

. 

. -

3, 4, . 

3.2. 

x′(tn) x″(tn) , -

u(t) t=tn, -

n- , v. l(tn) -

t , 

t=0. -

:

≤=Δ−

−′′μ−

>≠Δ′−

−μ−

=≤

=

−

−α−Ξ

−

−α−Ξ

−

.2)(,0))}(,(grad]

))(,([{Pr

;2)(,0))}(,(grad]

))(,([{Pr

;2)()(,

)2(
1

11

1

)1(
11

1

nnncn

nnn

nnncn

nnn

nmnn

n

tltxcfw

txcgc

tltxcfw

txcgc

tlrx

(3.76)

PrΞ{c′} − c∈ℜ4

  

],[],[],[],[ 44332211 cccccccc ×××=Ξ , 

4321 ,,, cccc - , 
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2
3

21
1

3k

kk
= , 

3

1
2 k

k
= , 

32

1
3

kk

k
c = , 

3

2
4 2k

k
= , 

4321 ,,, cccc - :  

2
3

21
1

3k

kk
c = , 

3

1
2 k

k
c = , 

32

1
3

kk

k
c = , 

3

2
4 2k

k
c = ;

επ
=α

),(
arctg

2
),(

xcf
xg ;    (3.77)

>≠−

>+
=

;|)(|2)(,1

,2)(,1

mn

n
n rtxtl

tl
w    (3.78)

3
3

1

),(
x

c

xcf n −=
∂

∂
,  32

2
sign

),(
xvx

c

xcf n −=
∂

∂
,    

2/3
2

2
34

3
)sign(sign

),(
vxxcv

c

xcf n +−=
∂

∂
,     

2/1
2

2
34

2
33

4
)(

),(
xxcxsignvc

c

xcf n +−=
∂

∂
,   (3.79)

μ>0, ε>0 –

, .  

0=( )4(
0

)3(
0

)2(
0

)1(
0 ,,, c )

Ξ (3.76) (3.77)-(3.79)

. 

3. (3.76) , -

. , 
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, -

,   

=
−=

4

1

2)()( )(
i

i
n

i
n ccV     (3.80)

, 

Vn−Vn -1 ≤ δ < 0      (3.81)

n = 1, 2, … . (3.81) , [79, . 

2], -

. , (3.81) , 

f (x, ĉ ) (3.75) ĉ ∈ ℜ4 [79, -

2.1.7]. , f (x, ĉ ), -

. , -

{cn} C. 

. c   k1=1  -1,  k2=1  -1,  

k3=2 c-1, =[1, 11]×[1, 11]×[1, 

11]. V = V+∪V-, V+

= [0,4, 11,0]×[0,1, 11,0]×[0,1, 11,0] V- = [-0,4, -11]×[-0,1, -11]×[-0,1, -11]

(3.70). 

-

xn(0)∈V c0 Ξ=[1, 100]×[0,01, 

50]×[0,1, 50]×[0,1, 50]. -

(3.74)-(3.77) : α=0,001, μ=0,002, 

rm=0,28. , x1(0)=(-4, 0, 0) c 0=(11, 

0,84, 6, 8,1, 1) ( ), 

3.26, 3.27.  
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. 3.26 x1(t), x2(t), u(t)

(3.63) -

Ω={x: |x1|≤0,4, |x2|≤0,11, |x3|≤0,01}. . 3.26 , 

- -

t=0,76 c

. , 

xn(t) Ω, n≥523

-

Ω. 

. 3.26. x1(t), x2(t), x3(t), u(t) n=0

. 3.27 -

. , -

xn(t) x1(0) -

Ω

u(t), . . . 



153

. 3.27. x1(t), x2(t), x3(t), u(t) n=34

(3.76) n=34 -

T
34d =(0,76; 5,98; 7,95; 0,24), 

v(t) Ω . . 

3.28 Vn, -

(3.80) .  

, Vn n∈[0, 34] -

, 34 .  

. 3.28. Vn

i -

i(0) i . 3.29.  
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. 3.29. i

, 

-

, 

-

. 

3.3.2. -

-

+−=
=
=

).()()(

),()(

),()(

33

32

21

tkutaxtx

txtx

txtx

   (3.82)

(3.82)

-
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−= −

−

100

10

01
1

2

a

a

     (3.83)

(3.82) -

+−=
=

−=
−

−

).()()(

),()(

),()()(

33

1
2

2
21

tkutayty

tukaty

tukatyty

    (3.84)

(3.84)

(3.11), (3.12) f(⋅)

( )( ))exp(2))(exp(),( 5,0
2

5,0
221 AcAzcccyf −+ΔΔ−Δ+Δ−= , (3.85)

  

)(5,0 2311
2
2 ycycy +Δ+= ,     (3.86)

)||5,0(sign 231122 ycycxx ++=Δ .    (3.87)

-

, -
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><<+

<>>−
=

.03,02,01,1

;03,02,01,1
)0(

xxx

xxx
u   (3.88)

(3.88) .3.30. 

. 3.30. (3.84)

(3.76), -

f(⋅) (3.85) (3.86), (3.87)

(3.88). i

(3.85) )(i
n , n-

(3.76).  

3.3.3. -

[179]

))((
)(

bsass

k
sW

++
= ,      (3.89)
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s=d/dt, k>0, a>b>0 – , -

.  

x(t), 

u(t). , (3.89)

r(t)=const. (3.89)

)(
)(

2
)(2

)(
3

)(3
tku

dt

tdx
ab

dt

txd
ba

dt

txd =+++ .   (3.90)

XT(t)=(x1(t), x2(t), x3(t)), 

, 

)()(1 txtx = ,   )()(2 txtx = ,   )()(3 txtx = .   (3.91)

(3.90) , 

. . XT(t )=(x1(t ), x2(t ), x3(t )), X(t )∈V⊂ℜ3. -

, . 

-

(3.90) T= t -t , t =0, -

XT(0)=(x1(0), x2(0), x3(0)) , 

Ω, . . X(t )∈Ω⊂ℜ3. 

u(t), -

(3.90)

X(0) Ω .  
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. -

(3.90)

)()()( tbutAXtX += ,      (3.92)

b –

+−−
=

)(0

100

010

baab

A ,    =
k

b 0

0

.   (3.93)

, 0, - , -b -

(3.92) -

  

)(1)()( tbuPtZtZ −+Λ= .     (3.94)

(3.94) Z(t)= P-1X(t), Λ= P-1AP – -

−
−=Λ

b

a

00

00

000

, 

P P-1
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−−=
220

0

111

ba

baP ,  
−−−−−−

−−−−

−+−

=−
1))((1))((0

1))((1))((0

1)()(1)(1
1

babbaba

baabaab

abbaab

P . 

(3.91) (3.94)

[ ]
[ ]

−=

−−+=

−−−=

.1)(3

,1)(22

,1)(11

abkuz

abbkubzz

abakuazz

   (3.95)

(3.95) -

=

−=

−=

.

,
)(

,
)(

33

2

2

2

1

2

1

z
k

ab
y

z
k

abb
y

z
k

aba
y

     (3.96)

(3.96) (3.95) -

, , -

(3.95) (3.91)

=
+=
−=

.3

,22

,11

uy

bubyy

auayy

    (3.97)



160

-

==

≠=

≠

=

.0)(2,0)(1),3(sign

,0)(2,0)(1)),(2(sign

,0)(1)),(1(sign

)(

yfyfy

yfyfyf

yfyf

tu   (3.98)

(3.98)

Δ−−
−

+Δ
+ΔΔ−Δ+−= 1

1
)1(2

3
2)(1

cB
c

y

B
yyf ,   (3.99)

||)3( 12 yceyB Δ+Δ+Δ−Δ−= ,     (3.100)

−+−=Δ 121
1

1
3sign

yc
e

y

y
y ,    (3.101)

−+−= 121
1

1
3)1,3(2

yc
e

y

y
yyyf ,    (3.102)

bac =1 ,   bc =2 .    (3.103)

f1(y)=0 ( . 3.31)

1) f1(0)=0, , f1(y)

(0, 0, 0);

2) f1(y) S -

S1, S2 , ℜ3
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f1(y), . . S1⊂f1(y)>0, S2⊂f1(y)<0, S1∪S2=S. , . . 

S1∩S2=S f2(y1,y3)=0, 

{y3, y1};

3) f1(-y)=f1(y), . . f1(y) , , 

. 

. 3.31. f1(y)

(3.89)-(3.91) -

(3.99)-(3.102). (3.99)

. 

(3.89)-(3.91)

( . 3.32), 

(3.98). 
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. 3.32. , -

(0, 0, 0)

, , 

, , , , -

. 

(3.98) , 

. 

-

Ω

(3.98)

Ω∉
=

,,

,)(1)),(1(sign
)(

ky

yfyf
tu      (3.104)

Ω – , 

xTPx≤κ, P –

=

365

624

541

ppp

ppp

ppp

P ,     (3.105)

κ - . P -

. 
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(3.104) , 

.3.33, . 

3.32 , 

Ω. 

. 3.33. , -

Ω

-

, [152, 180, 

181]. [152, 180, 181], -

, -

. 

, τ1= a-1, τ2= b-1. 

, 

f1(y)

, [180, 181]. -

Ω, -

. 

, 
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Ω, 

( (16)). 

. k=1, a=2, 

b=1

(3.98)-(3.103) . -

xxx ,, (3.89)

(3, 1, 0) Ω -

.3.34-3.36. . 3.34 x1(t), 

x2(t), x3(t), u(t), 

(3.104), . 3.35 -

x1, x3, . 3.36 – x2, x3

, 

. 3.34 )- ). (3.104) -

-

. 

. Ω: xTPx=κ, κ=0,005, 

P>0 - . 

(

, . 

) ) )
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) ) )

) ) )

) ) )

. 3.34 )- ) -
x1, x2, x3, u

. 3.35 )- ) -
x1, x3

. 3.36 )- ) -
x2, x3

, 

-

.
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4

4.1. -

4.1.1. -

-

. 

. -

, -

, -

. , 

, 

[31]
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, -

; , , 

. 

, -

-

. -

, 

. , 

, , ( ) -

( -

) , -

. 

, 

( -

). 

[65, . 6]. 

, 

-

, 

. -

. 3 -

.  

-

–

. -

, . 2, 

-

. 
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4.1.2. 

, 

[50] ( . . 3.1.1)

)()(),()( 21 tuktytyktx == .    (4.1)

)(tx – , )()( txty = , )(tu − , 

1± . , (4.1)

(3.2) a1=a2=b2=0, b1=k1, -

(3.3) , 

. .3.1.1 , 

0,0 21 >> kk (4.1) -

. :

}0:{ iii kkkkKk ≤≤<=∈ ,    .2,1=i   (4.2)

wT(t)=( )(tx , )(ty ). , -

. 3, , )(tx , )(ty

w(t) . 

)(tx′ )(ty ′ , 

)(tx )(ty   

., ζ+=′ξ+=′ yyxx    (4.3)



169

[65, c. 262], , )(),( tt ζξ

:

ζξ ≤ζ≤ξ NtNt )(,)( .   (4.4)

, Nξ, Nζ ξ(t), ζ(t) (4.4) -

.  

V —

{ } 2ℜ⊆w , . -

  

EVV \1 = ,    (4.5)

E — , -

. , -

, 

))(),(()( tytxtwT = 2
1)0( ℜ⊂∈Vw

Ω

-

, (4.2), (4.3).

. , 

[50, 65], -

- , ik (4.1) -

. -
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=−′′−

<−′′−

>−′′+

=

,0))0(,(),0(

,0))0(,(,1

,0))0(,(,1

)(

twcftu

twcf

twcf

tu    (4.6)

  

wcwcf T ′′=),(      (4.7)

− , 2ℜ . 

(4.7) Tccc ),( )2()1(= , Twww ),( 21 ′′′′=′′ — , -

:

)(, )2()1( δ+λ=λ= dcc .     (4.8)

λ>0 − , 1
215,0 −= kkd , δ −

, 

05,0 1
21 ≤δ<− −kk ;    (4.9)

=−′′−′

<−′′+−′

>−′′−−′

=′′

,0))0(,()0(

,0))0(,()0(

,0))0(,()0(

)(

twcftw

twcfNtw

twcfNtw

tw

T

T

T

  (4.10)

N =(Nξ, Nζ). 

(4.6) -

(3.11), (3.12) . 3.1.1. 
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(4.7) f(⋅) -

, . 

w, , -

w″, (4.10)

yx ′′, . , 

w″ (4.10) (4.6) -

sign ))0(,( −′′ twf . -

f(⋅)

w ′′ , )(),( tt ζξ . , 

(4.10) (4.3), (4.4) , 0))0(,( =−′′ twf -

t ( ), 

))(),(()( 21 twtwtwT = , 

)()()(),()( 21 tytytwtxtw −=−=

)(),( tytx , -

, 

. 

)(tw ′′ ( (4.10)); -

, )(),( tt ζξ

ζξ NN ,  ))(,( twf ′′ -

. -

.  

, 

(4.6)—(4.11), . 
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. EVV
~

\
~~

1 = , V
~

E
~

—

V E

{ } 2ℜ⊂w . V
~

  

[ ] [ ]2211 ,,
~

wwwwV ×= ,     (4.11)

, . . 11 ww −= , 

22 ww −= . Ω~

−Π +Π :

+− Π∩Π=Ω~ ,      (4.12)

{ }0
2

0
1

0
2

0
1: wwwwwww T −≤≤=Π −

− , { }0
2

0
1

0
2

0
1: wwwwwww T ≤≤−=Π +

+ . 

                 (4.13)

(4.13) ),( 0
1

0
2 wwwT −−=− , ),( 0

1
0
2 wwwT =+ − -

,   

2

2
000

1
)2(

))((8

)2(

4
)(

δ+

δ−δ+
+

δ+
+δ−δ

= ζξ

d

BddN

d

dNdyx
dw , (4.14)

2

2
000

2
)2(

))((8

)2(

2
)(

δ+

δ+δ+
+

δ+
+δ−δ

= ζξ

d

BdN

dd

dNdyx
dw  .   (4.15)

2
0

2
0 )(4)2)(2( ζξ δ+−+−δ++= NddNxdydB . 

ζN , 

V
~

, , 02 ≥B :  
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) (4.6) − (4.10) )(tw

1
~

)0( Vw ∈ Ω~ -

;  

) Ω~ , (4.12) (4.13) −

(4.15), “ ” (

, (4.6) − (4.10)

)(tw 1
~

)0( Vw ∈ Ω~ , 

Ω⊂Ω ~~
);

) )(tw )0(w

0
~
E , 

, .  

Ω~ , -

Ω { }w , (4.6)−(4.10) , -

. -

. 4.1

)(tw EVw
~

\
~

)0( ∈ 0
~
E .  

. 4.1. 
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)(tw , )0( −′ tw , 

)0( −′′ tw , )0( −′′ tw -

0),( =′′wcf . , “ -

” )(ty -

(4.6) − (4.10) . (

), 21, kk

(4.1) , 

Ω~ : (4.12) -

(4.13) − (4.15) Ω~ -

ζξ NN , , 1
215,0 −= kkd , -

k1 k2, V
~

(4.11). 

, , 0,0 == ζξ NN ( ), -

0
1w , 0

2w Ω~ , -

.3.1. , 00
1 →w , 00

2 →w δ→0, . . 

Ω~ .  

. , -

21, kk . -

(4.6) (4.7) − (4.10), -

1−n , n -

)(tw )0(w . 

, 1−n

, 
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. 3.1.1. . , -

Ω~ . -

0
1w , 0

2w , -

k1, k2, ( (4.14), (4.15)). 

, Ω~ , 

, 

( ) )(tw Ω~ : )(tw -

. ( . 3.1

n .)  

, 

. Ω~

k1, k2, -

(4.2). (4.12) (4.13) − (4.15)

, 

)(dΔ −Π +Π , d . 

(4.13)   

)(/)()(2)( 0
2

0
1 dwdwdwd ±=Δ ,   (4.16)

( ) 2/120
2

20
1 )()( www +=±

+w −w ( . [207, . 2.3-2]).   

+− Π∩Π=Ω mm
m
0

~
,     (4.17)

   
{ })()()()()(: 0

2)
0

1
0
2

0
1 mmm

T
mmm dwdwwdwdwdww −≤≤=Π −

− ,  
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{ })()()()()(: 0
2

0
1

0
2

0
1 mmm

T
mmm dwdwwdwdwdww ≤≤−=Π +

+ .   (4.18)

)(0
1 mdw , )(0

2 mdw

)( mdw− )( mdw+ (4.14), (4.15) d

md , :

=md
ddd ≤≤

maxArg )(/)()(2 0
2

0
1 dwdwdw m ± ,   (4.19)

1
215,0
−

= kkd , 1
215,0 −= kkd . (4.19)

(4.16) )(dΔ – 1
215,0 −= kkd

],[ dd ; , 

k1, k2, d (4.16), 

(4.2). 

, k1, k2, -

(4.2) 1
~

)0( Vw ∈ -

, , -

)(tw m
0

~Ω , 

(4.17) − (4.19). , ξ, ζ -

)(tw′ . 

, , )(tw

m
0

~Ω , )(tw′ − . -

mm E0
~~ ⊃Ω -

, 
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)(tw′ mΩ~ (

). ,   

+− ∩=Ω SSm~
,      (4.20)

  

++≥−−−
+−−≤+−−=−

;)2(:

,)2(:
0

1
2
2

0
21

0
2

0
1222

0
11

0
2

0
1

2
2

0
21

0
2

0
1222

0
11

0
2

wNwNwwwNwwwww

wNwNwwwNwwwww
S

  

−+−≥−+
−−≤++=+

.)2(:

,)2(:
0

1
2
2

0
21

0
2

0
1222

0
11

0
2

0
1

2
2

0
21

0
2

0
1222

0
11

0
2

wNwNwwwNwwwww

wNwNwwwNwwwww
S (4.21)

mΩ~ , -

n . -

.3.1 : nt - , n -

)(tw ′′ -

01 =− wcT
n , (n-1)- ; l(tn) –

tn , 

0=t . .3.1 -

n v′ v″, Ω

Ωm, 

Ω∉′′≤>−′′

<−′′>′′−

Ω∉≤<−′′

>−>′′+

≤Ω∈′′

=

−

−−Ξ

−

−−Ξ

−

.
~

)(1,)(,0)0(

0)0(ˆ,1)()},({Pr

;
~

)(1,)(,0)0(

0)0(,1)()},({Pr

;1)(,
~

)(,

1

11

1

11

1

m
nnn

T
n

n
T
nnnn

m
nnn

T
n

n
T
nnnn

n
m

nn

n

TwTltw

twTltwc

TwTltw

twTltwc

TlTwc

c (4.22)
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nT — w′(t)

)0(w′ )( nTw′ , m
nTw Ω∈′ ~

)( ; }{Pr ⋅Ξ -

],[),1[ ×+∞=Ξ .  

, 

-

d, (4.8)

;

)(tw ′′ , )(tw′ . 

2) nTt ≥ )(tw

+− ∩=Ω 211
~

SSm , 

++≥−−−
+−−≤+−−=−

;42)4(:

,42)4(:
0

1
2
2

0
21

0
2

0
1222

0
11

0
2

0
1

2
2

0
21

0
2

0
1222

0
11

0
2

wNwNwwwNwwwww

wNwNwwwNwwwww
S   

−+−≥−+
−−≤++=+

.42)4(:

,42)4(:
0

1
2
2

0
21

0
2

0
1222

0
11

0
2

0
1

2
2

0
21

0
2

0
1222

0
11

0
2

wNwNwwwNwwwww

wNwNwwwNwwwww
S   

, , .3.1, 

-

. 

. 3.1 , 

. -

, 

. 
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4.1.3. II

, , -

. 4.1.1, 

[79, .2.1.6º], 

. 

, 

, (4.1)-

(4.4). 

.4.1.1, 

, n- ″ -

″ Ttytxtw ))(),(()( =

2
1)0( ℜ⊂∈Vwn

-

(4.1), 

(4.2), (4.3). 

[74, .203] -

)2()1(),( nnn dwwwcf += ,    (4.23)

T=(1, d), d=0,5k1k2, 
)1(

nw =xn, 
)2(

nw =yn|yn|. 

(4.25) -

),( wcf , ),1( dcT = , dd > , , [74, 
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9.126], un(t) -

. , 

dd < , T
nw =( )1(

nw , )2(
nw ) -

un(t). , 

n-

un(t) , w″(t)

, dn-1 , -

[159]

dddd nnn ≤<< −− 11 ,    (4.24)

1
215,0 −= kkd , 1−nd di

(1 i n-1), , i=(1, di) -

. , n- , 

dn-1 , 

11 −− <<≤ nnn dddd ,    (4.25)

1
215,0 −= kkd , 1−nd −   dn -

di (1 i n–1), , i = (1, di) -

un(t). 

Ω . -

. 3.1.1 -
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++≥−−−
+−−≤+−−=−

0
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0
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0
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0
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0
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0
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0
1222

0
11

0
2

1
42)||4(

,42)4(:
][

wNwNwwwNwwww

wNwNwwwNwwwww
nS (4.2

6)

−+−≥−+
−−≤++=+

,42)||4(

,42)4(:
][ 0

1
2
2

0
21

0
2

0
1222

0
11

0
2

0
1

2
2

0
21

0
2

0
1222

0
11

0
2

2
wNwNwwwNwwww

wNwNwwwNwwwww
nS (

4.27)

,   

2

2
000

1
)2(

))((8

)2(

4
)(

δ+

δ−δ+
+

δ+
+δ−δ

= ζξ

m

mm

m

mm
m

d

BddN

d

dNydx
dw ,  (4.28)

2

2
000

2
)2(

))((8

)2(

2
)(

δ+

δ+δ+
+

δ+
+δ−δ

= ζξ

m

m

mm

mm
m

d

BdN

dd

dNydx
dw  ,  (4.29)

2
0

2
0 )(4)2)(2( ζξ δ+−+−δ++= NddNxyddB mmmm , 

=md
ddd ≤≤

maxArg 2/120
2

20
1

0
2

0
1 )))(())()((()(2 −+ dwdwdwdw . (4.30)

-

(4.6), -

, [74, .9.12]. -

dn n 2

:

dn=dn-1, l(Tn)=1 |wn″(t)|∈ n-1;   (4.31)

))(1)()(1(1 2
1

2
111

11

−−−−

−−

+++−

+
=

nnnn

nn
n

dddd

dd
d ,     

l(Tn)≤1, |w″(tn)|∉ n, f(cn-1, w″(tn-0))>0   
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l(Tn)>1 f(cn-1, w″(tn-0))<0;    

   (4.32)

))(1)()(1(1 2
1

2
111

11

−−−−

−−

+++−

+
=

nnnn

nn
n

dddd

dd
d ,    

l(Tn)>1,  f(cn-1, w″(tn-0))>0 l(Tn)≤1

|w″(Tn)|∉ n, f(cn-1, w″(tn-0))<0;       

(4.33)

1, −== nnnn dddd , l(Tn)>1;   (4.34)

nnnn dddd == − ,1 , l(Tn)≤1 w″(Tn)∉ n; (4.35)

11, −− == nnnn dddd , wn″(Tn)∈ n.   (4.36)

, (4.31)−(4.36)

(4.24), (4.25). 

-

, , -

(4.31)−(4.36), ],[1 ddd ∈ -

1)0( Vw ∈ N*

d*, dn=d* const *Nn ≥ , -

.  

4.1.4. -

  

-

, . . 

. 
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-

, -

, -

-

, [161].  

, 

)()(),()( 221 tkutxtxtx == ,     (4.37)

(4.37) (4.1), k1=1, k2=k. 

. 4.1 , 

α(t), 

2
210)( ttt ++= ,     (4.38)

α0, α1, α2 – . 

, x1(t), x2(t) α(t), dα(t)/dt, d2α(t)/dt2

  

)()()(),()()( 222111 ttxtxttxtx +=′+=′ ,   (4.39)

),()()( 1 ttt ς+α=′ ),()()( 2 ttt ς+α=′ ),()()( 3 ttt ς+α=′ (4.40)
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|ξ1(t)|≤N1, |ξ2(t)|≤N2, |ζ1(t)|≤N1, |ζ2(t)|≤N2, |ζ3(t)|≤N3, N1, N2, 

N3 , N1, N2, N3 , N1≥N3, N2≥N3.  

α(t) , -

Mtuk
dt

td =<α′
|)(|

)(
2

2

.    (4.41)

(4.41) , z ″ ″ α. 

, , 

α(t) , 

(4.37)

(4.38) , -

. 

. 

, -

δ+= kk (4.37), δ≥0. 

(4.37)

,))(),((

,(0))(0),(

),(2)(

),()(

2
21

2
21

22

21

ℜ⊂Ω∈θθ

ℜ∈θθ

−=

=

TT

tukt

tt

   (4.42)

θ1(t)=θ(t)=α(t)-β(t) – , T – -

, , 
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; Ω - , -

.  

vT(t)=(v1(t), v2(t)), v(t)∈V,   

)}0()0(),0()0(:),{( 22211121 vvvvvvvvV ≤≤≤≤= (4.43)

-

( ) -

(4.6)

(4.7), cT=(c1, c2), w=v″=(v″1, v″2)
T – , -

:

)-(~ )()(
i

ii = .     (4.44)

λ>0 – ,  

)(sign 21 θ−=
k

M
,       

k2

1
2 = ;   (4.45)

|)0(|)0(,)0( 22
)2(

01
(1)

0 ′′−=′′′−=′′ vv ,  (4.46)

t=0

=−′′−θ′

<−′′Δ+−θ′

>−′′Δ−−θ′

=′′

;0))0(,()0(

,0))0(,()0(

,0))0(,()0(

)(

tvft

tvft

tvft

tv

T

T

T

  (4.47)
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t>0, ΔT=(Δ1, Δ2);

)()()(),()()( 222111 tttttt χ+θ=θ′χ+θ=θ′ ,  (4.48)

|χ1(t)|≤|ξ1(t)+ζ1(t)|≤2N1=Δ1, |χ2(t)|≤|ξ2(t)+ζ2(t)|≤2N2=Δ2.  

1. -

, , (4.6)

;

Ω∈V\v(0) , δ→0 -

diam Ω=0. 

-

, v(0) V -

Ω, . 

-

N1, N2, N3, δ, -

v(0). , N1→0, N2→0, N3→0

δ→0, Ω→0. 

(4.47) (4.6) -

signf(c, v) . ″ -

″ , 2|Δi|≥

t
max |χi(t)| (i=1, 2) 0<t≤T. -

-

u(t) . 

Ω S+, S-, . . 

−+ ∪=Ω SS ,   
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{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii ≥≤=+ , (4.49)

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii ≤≥=− . (4.50)

(4.49), (4.50) wT=(w(1), w(2)), 

),( 21 wwwT = , ),( 21 wwwT −= . w , w

(4.43) (4.42)

)( 211

22112

1

2
22

1
)1(

δ+′′′′
δ+δ′′

−
′′
Δ

+Δ−=
dd

dd
A

d

d
w ,   (4.51)

1
2

1

212

22122
2

)2(

)(
Δ
′′

+
δ+′′
δ+δ′′

−Δ−=
d

d

dd

dd
Aw ,  (4.52)

)( 211

221122
2

1

2
1

)1(

δ−′′
δ−δ′−Δ

′
+Δ=

dd

dd
A

d

d
w ,    (4.53)

1
2

1

212

22112
2

)2(

)(
Δ

′
+

δ−′
δ−δ′

+Δ=
d

d

dd

dd
Aw ,  (4.54)

– A2-2lA+m=0, 

(4.51), (4.52) l, m

22112

2122
2

)(

δ+δ′−
δ+′′Δ=
ddd

dd
l ,    (4.55)

22112

111
2
22221

2

)])0(())0(()[(

δ−δ′+
Δ−′−Δ−δ−′′

=
ddd

vdvdd
m ,  (4.56)
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(4.53), (4.54)

,
2

)(

22211

2122
ddd

dd
l

−δ−δ′′
δ−′Δ−=    (4.57)

22211

2
22211121

2

)))0(())0(()((

ddd

vdvdd
m

−δ−δ′′
Δ−−Δ−′′δ−′

= .  (4.58)

2. . 4.1.1, . 4.1.2

Ω, (4.49), (4.50), -

, -

″ ″ ( (4.52), (4.53)) -

( (4.53), (4.54)) α(t). Ω ″ ″

ξ(i)(t), ζ(i)(t)

d(i) (4.6), . . Δ1→0, Δ2→0 δ→0

Ω→0, . 

. , k -

. (4.6)

(4.44)-(4.47), -

ˆ nˆ , 

(n-1)- v″(t)

v″(0) . 

, nˆ -

Ω, w , w , -

, c. -

, , Ω -
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, ( -

) v(t) Ω, v(t) . 

, -

Ωm d. 

(4.51)−(4.58) , -

−+ ∪=Ω mmm SS ,     (4.59)

+
mS −

mS V, 

(4.49) (4.50) v(0) )0(v )0(v :

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii

m ≥≤=+ , (4.60)

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii

m ≤≥=− . (4.61)

, v″(t) -

Ωm Ωm , 

Ωm v(t), v′(t). 

, 

v′(t) Ωm, v(t)

Ωm.  

v(t) Ωm -

Ωm. -

, ti, ti+1, ti+2,…, v′(ti)∈Ωm, 

v′(ti+1)∈Ωm, v′(ti+2)∈Ωm,…, -
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. -

(4.22). 

. (4.37), k=3
-2, vT(0)=(-5, 0). -

ξ1(t), ξ2(t). 

α(t)=t2 , 

S+⊂Ω, S+=(0,34, 1,07). 

c0, 

, )0,1,0,1(0 =T . (4.22) n=13 -

)37,2,97,23(13 =
T , -

.  

. 4.2-4.4.  

. 4.2. αααα(t), ββββ(t), θθθθ(t), )(tθ u(t)  

. 4.2

, . 4.3 – . -

: θ(t) – , )(tθ −

, u(t) – , α(t) – -

, β(t) – .  



191

. 4.3. αααα(t), ββββ(t), θθθθ(t), )(tθ , u(t)

. 4.2 , α(t) -

c0 10 u(t), 

12 % ( -

). -

, 

. . , S+, -

( . . 4.2), -

2…4 %. 

(4.22)   

=
−λ=

2

1

2)()( )(
i

i
n

i
optnW ,    (4.62)

λ=10000. Wn . 4.3, 

-

. 
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. 4.4. Wn

, -

-

. -

c0. 

4.2 , 

4.2.1 -

, 

, , -

, , [54]. 

, 

).()()(

),()(

1
22

1
2

211

tuTktxTtx

txktx

−− +−=

=
    (4.63)
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x1(t) – ; x2(t) – -

; u(t) – , 

+1 −1; k1, k2 – , 

– . (4.63) -

(3.14) 3. , 

x1(t), x2(t) ; x′1(t), x′2(t)

).()()(

),()()(

222

111

ttxtx

ttxtx

ξ+=′
ξ+=′

     (4.64)

ξ1(t), ξ2(t) – :

|ξ1(t)|≤N1,  |ξ2(t)|≤N2.     (4.65)

, N1, N2 (4.65) .  

. 4.1, , k1, k2, (4.63)

, 

1110 kkk ≤≤< , 2220 kkk ≤≤< , TTT ≤≤<0 . 

],[],[],[ 2211 ττ××= kkkkS ,  (0∉S),   (4.66)

. 

v=(x1, x2)
T. V -

{v}⊆ℜ2 , 
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(0, 0) . 

v′(t)=( )(),( 21 txtx ′′ )T .  

, -

)(tvn′ n-

vn(t) v(0)∈V Ω

. 

. 4.1, (4.63)

n- (4.6) -

(3.37), 

),,( )3(
1

)2(
1

)1(
11 −−−− = nnn

T
n , 

(n-1)- , -

=−′′−

<−′′+−′

>−′′−−′

=′′

−−

−−

−−

;0))0(,()0(

,0))0(,()0(

,0))0(,()0(

)(

11

11

11

tvdftv

tvdfNtv

tvdfNtv

tv

n
T
nn

n
T
nn

n
T
nn

n (4.67)

t>0, NT=(N1, N2). f(cn-1, v) -

{v}⊂ℜ2.  

, c(i) , 

, 

c(i) , -

. , (4.64), (3.77)

, )3(
1

)2(
1

)1(
1 ,, −−− nnn (3.77) -

c(1), c(2), c(3), (3.77)
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-

Δ f(c, v),   

),,(),(),( ξ+Δ+=′ vfvfvf    (4.68)

|)
~

|1ln(sign),( 232
)2(

2
)1(

1 ξ+′+ξ−ξ−=ξ+Δ vvf ,  (4.69)

1
2322 |)|1(

~ −′+ξ=ξ v . , 

(3.77). u(t) f(c, 

v')

ξ1, ξ2. (4.60) , 

, f( , v') -

, (4.6)

(4.67) .  

(4.67) (4.6) -

signf( , v) . -

u(t) -

. ″ ″ , -

2|Δi|≥
t

max |ξi(t)| (i=1, 2) 0<t≤T.  

Ω

{ }rvv ≤ℜ∈=Ω :2     (4.70)

c

)ˆ1ln())0((signˆˆ 2
)3(

2
)2(

2
)1(

1 NxNNr +++= .  (4.71)
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. n-1

(4.68)  

0)1ln(sign),( )2(
1

)3(
1

)2(
1

)2(
1

)2(
1

)1(
1

)1(
111 =′′+′′+′′−′′−≡′′ −−−−−−−−− nnnnnnnnn vvvvvf , (4.72)

. 3.2. -

r=rm

Ω

( -

). , -

, Ω , 

v(t) Ω, v(t) . 

Ω~

(4.63), -

-

v(t) Ω~ . (4.71), (4.72) , 

rm:

{ }mrvv ≤=Ω :
~ .       (4.73)

(4.72)

)1ln())0((sign 2
)3(

2
)2(

2
)1(

1 NvNNrm +++= . 

(3.37) (4.6)

1
)1( kT= , 21

)2( kkT= , 
1

2
)3( −= k . 
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, 

)1ln())0((sign 2
1

2221211 NkvkkNNkTNrm
−+++= . (4.74)

ξ1(t), ξ2(t)

v(t) Ω~ )(),( 21 tvtv ′′

. , v(t) -

Ω~ , v′(t) − . 

v(t) -

)(),( 21 tvtv ′′ , 

, Ω. 

Ω~ , , -

Ω~ . , ti, ti+1, 

ti+2,…, v(ti)∈ Ω~ , v(ti+1)∈ Ω~ , v(ti+2)∈ Ω~ , -

. 

-

(3.39) (4.67).  

. k1=1, k2=2 -2, 

=0,2 c. x1, x2 -

, . . N1=0,1, N2=0,1. 

v1(0)=(-1,5, 11), V=[-11,0, 11,0]×[-

11,0, 11,0], , 
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Vk . 4.13. 
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τ≠0, τ=τ*, τ′>τ, τ″<τ. 

. 4.14 –

( ) (4.103) -

(4.6), f(⋅)=f+(⋅)∪f-(⋅) -

, ℜ2, 

( )

=
−

+−
+−

−

−≥=+−−−

=+
,0

)2(

32
ln-

,
)2(

23
ln0,1ln-

))(,(

2
4

423
2211

2
4

4
21232211

d

dxd
dxdx

d

d
dxxddxdx

tXdf

(4.102)



216

( )

=
−

+−
+−

−

−≤=++−

=−
,0

)2(

32
ln-

,
)2(

23
ln0,1ln-

))(,(

2
4

423
2211

2
4

4
21232211

d

dxd
dxdx

d

d
dxxddxdx

tXdf

(4.103)

dT=(d1, d2, d3, d4) –   

,21 Tkd = ,212 Tkkd = ,1
13
−= kd )./exp(4 Td τ−=      (4.104)
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. 
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-

-

, 

-

, 

. 

, [160]

)()(),()( 221 tkutztztz == ,     (5.9)

z – zT=(z1, z2), z1(t) – -

; k – , k>0; u(t) − -

, 

+1 -1. , k (5.9) -

. 

, 

α(t), 

2
210)( ttt ++= ,     (5.10)
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α0, α1, α2 – . 

, z1(t), z2(t) α(t), dα(t)/dt, d2α(t)/dt2

  

)()()(),()()( 222111 ttztzttztz +=′+=′ ,   (5.11)

),()()( 1 ttt ς+α=′ ),()()( 2 ttt ς+α=′ ),()()( 3 ttt ς+α=′ (5.12)

|ξ1(t)|≤N1, |ξ2(t)|≤N2, |ζ1(t)|≤N1, |ζ2(t)|≤N2, |ζ3(t)|≤N3, N1, 

N2, N3 , N1, N2, N3 , N1≥N3, 

N2≥N3.  

α(t) , -

Mtuk
dt

td =<α′
|)(|

)(
2

2

.     (5.13)

(5.13) , z ″ ″

α. 

, , 

α(t) , 

(5.9) , -

. 

. -

δ+= kk (5.9), 

δ≥0. (5.9) -
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,(0))(0),(
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),()(

2
21

2
21

22
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ℜ⊂Ω∈θθ

ℜ∈θθ

−=

=

TT

tukt

tt

   (5.14)

θ1(t)=θ(t)=α(t)-β(t) – , T – -

, , Ω - , -

.  

vT(t)=(v1(t), v2(t)), v(t)∈V,   

)}0()0(),0()0(:),{( 22211121 vvvvvvvvV ≤≤≤≤= .   (5.15)

.3.1.1, 

<−′′−

>−′′+
=

,0))0(,(,1

,0))0(,(,1
)(

tvdf

tvdf
tu     (5.16 )

<′′=−′′−

>′′=−′′+
=

,0,0))0(,(,1

,0,0))0(,(,1
)(

1vtvdf

vtvdf
tu   (5.16 )

  

vdvdf TT ′′=′′ ),( .    (5.17)

(5.17) , 

dT=(d1, d2), v″=(v″1, v″2)
T – , -

:

)-(
~ )()(

i
ii dd = .    (5.18)
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λ>0 – ,  

)(sign 21 θ−=
k

M
d ,      

k
d

2

1
2 = ;   (5.19)

|)0(|)0(,)0( 22
)2(

01
(1)

0 ′′−=′′′−=′′ vv ,   (5.20)

t=0

=−′′−θ′

<−′′Δ+−θ′

>−′′Δ−−θ′

=′′

;0))0(,()0(

,0))0(,()0(

,0))0(,()0(

)(

tvdft

tvdft

tvdft

tv

T

T

T

  (5.21)

t>0, ΔT=(Δ1, Δ2);

)()()(),()()( 222111 tttttt χ+θ=θ′χ+θ=θ′ ,  (5.22)

|χ1(t)|≤|ξ1(t)+ζ1(t)|≤2N1=Δ1, |χ2(t)|≤|ξ2(t)+ζ2(t)|≤2N2=Δ2.  

1. -

, , (5.16), -

v″(t)

Ω ;

Ω∈V\v(0) , δ→0 Ω -

. , v(t)

v(0) Ω

, -

, Ω − . 
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, v(0) V -

Ω, -

. -

N1, N2, N3, δ, 

v(0). , 

N1→0, N2→0, N3→0 δ→0, Ω→0. 

(5.21) (5.16)

signf(d, v) , ″ -

″ , 

2|Δi|≥
t

max |χi(t)| (i=1, 2) 0<t≤T. -

-

u(t) ( ., , .4.1)

.  

Ω S+, S-, . . 

−+ ∪=Ω SS ,      (5.23)

  

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii ≥≤=+ , 

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii ≤≥=− .  (5.24)

(5.24) wT=(w(1), w(2)), 

),( 21 wwwT = , ),( 21 wwwT −= , i=1, 2; w , w

(5.14) (5.13)

)( 211

22112

1

2
22

1
)1(

δ+′′′′
δ+δ′′

−
′′
Δ

+Δ−=
dd

dd
A

d

d
w ,    (5.25)
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1
2

1

212

22122
2

)2(

)(
Δ
′′

+
δ+′′
δ+δ′′

−Δ−=
d

d

dd

dd
Aw ,   (5.26)

)( 211

221122
2

1

2
1

)1(

δ−′′
δ−δ′

−Δ
′

+Δ=
dd

dd
A

d

d
w ,    (5.27)

1
2

1

212

22112
2

)2(

)(
Δ

′
+

δ−′
δ−δ′

+Δ=
d

d

dd

dd
Aw ,    (5.28)

– ,022 =+− mlAA

(5.25), (5.26) l, m

22112

2122
2

)(

δ+δ′−
δ+′′Δ=
ddd

dd
l ,    (5.29)

22112

111
2
22221

2

)])0(())0(()[(

δ−δ′+
Δ−′−Δ−δ−′′

=
ddd

vdvdd
m ,  (5.30)

(5.27), (5.28) –  

,
2

)(

22211

2122
ddd

dd
l

−δ−δ′′
δ−′Δ

−=     (5.31)

22211

2
22211121

2

)))0(())0(()((

ddd

vdvdd
m

−δ−δ′′
Δ−−Δ−′′δ−′

= .   (5.32)

2. (5.16) , -

.3.1.1 , -
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, . . α(t)=const. .4.1

Ω, (5.23)-(5.28), -

, 

″ ″ ( (5.25), (5.26))

( (5.27), (5.28)) α(t). Ω ″ -

″ ξ(i)(t), ζ(i)(t) -

d(i) (5.16), . . 

Δ1→0, Δ2→0 δ→0 Ω→0, . 

. , k -

. (5.16)

(5.21)-(5.15), -

d nd , 

(n-1)- v″(t) -

v″(0) . 

Ωm -

d. (5.19)−(5.22)

(5.23)−(5.28) , 

−+ ∪=Ω mmm SS ,     (5.33)

+
mS −

mS V, 

(5.23) (5.24) v(0) )0(v )0(v :

    { }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii

m ≥≤=+ , 

{ }))0(())0(())),0(((,0: 21
)()( vwvwwvwwwS ii

m ≤≥=− .      (5.34)
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v(t) Ωm -

Ωm. -

ti, ti+1, ti+2,…, v′(ti)∈Ωm, v′(ti+1)∈Ωm, 

v′(ti+2)∈Ωm,…, 

. 

-

, .3.1, . 3

:

>′′>

≤Ω∉′′≥′′′′−

≤Ω∉′′<′′

≤′′>′′+

≤Ω∈′′≤′

=

−Ξ

−Ξ

−

0.0)-(1)(

1)(,||)(||0,0)-(},({Pr

;1)(||)(||00)-(

00)-(,1)(},({Pr

;1)(,)(,)(,

T
1-

T
1-1

T
1-

T
1-1

1

nnn

nmnnnnn

nmnnn

nnnnn
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n

tvdtl

TlTvtvdtvd

tlTvtvd

tvdtltvd

TlTvrTvd

d (5.35)

PrΞ{⋅} d

),[),[ )2()1( +∞×+∞=Ξ dd . 

( 3, 4), 

(5.35)

0d . (5.35)

, 

. 5.1.1. 

. -

, -

u(t), v1(t), v2(t), -
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, (5.9), 

)1(
1111 ])2[]1[(]2[]1[2][ jjujujjj +−−−=−+−− ,  (5.36)

)2(
222 ]1[]1[][ jjujj +−τ=−− .   (5.37)

τ1, τ2 − , 

θ1, θ2 -

  

kT
k

MkT =−= 22

2

1 ),sign(
2

,    (5.38)

)2()1( , jj — -

j- , (

|ξ(1)(t)|<Δ1, |ξ(2)(t)|<Δ2) 1
)1( 4Δ≤j , 2

)2( 2Δ≤j . 

, (5.30), (5.31) -

, u(t) , 

. . t∈[(j-2)T, jT].  

τ1[j], τ2[j] (5.30), (5.31)

−+−

εΔ−ε
γ−−τ

Δ≤ε−τ
=τ

;
]2[]1[

][sign4][
][]1[

,4][],1[

][ 1)(
1

1
)(

1
)(

1

juju

jj
jj

jj

j i

i

i

(5.39)



252

−

εΔ−ε
γ−−τ

Δ≤ε−τ

=τ
,

]1[

][sign2][
][]1[

,2][],1[

][ 121
2

212

2

ju

jj
jj

jj

j

(5.40)

ε[j]=τ1(u[j-1]+u[j-2])-θ1[j]+2θ1[j-1]-θ1[j-2], ε1[j]=τ2u[j-1]-

θ2[j]+θ2[j-1] − (5.30), (5.31); γ[j] −

, 2][0 <γ ′′≤γ≤γ′< j

, 0][1 >j , 0][2 >j ; τ[0]

. 

(5.39), (5.40) -

″ -1″ ( ., , [79])  

1111211 4]2[]1[2][)( Δ≤−θ−−θ+θ−+τ −− jjjuu jj ,  (5.41)

2222 2]1[][]1[ Δ≤−θ+θ−τ− jjju    (5.42)

21 , ττ . (5.41), (5.42) -

(5.36), (5.37)

2211 2)(,4)( Δ≤Δ≤ tt . 

iτ , -

(5.39), (5.40), id

(5.35)   

T
d

2

1
1

2

τ
τ

= ,        
2

2 τ
= T

d ,     (5.43)

2

2

1
1 2

T
d

d=τ ,  
2

2 d

T=τ .     (5.44)
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. (5.16), (5.21), 

(5.35), (5.39), (5.40) (5.9), k=3 -2

vT(0)=(-5, 0), α(t)=t2.  

ξ1(t), 

ξ2(t). (5.9) -

S+⊂Ω, S+=(0,34; 1,07). 

, d0

: )0,1,0,1(0 =Td . -

(5.35) n=13

)37,2;97,23(13 =
Td , -

. -

(5.35) (5.39), 

(5.40) n=3 -

)87,8;93,212(3 =Td , .  

. 5.8-5.10. . 5.8

, 

. 5.9 – . 

: θ(t) – , )(tθ − , 

u(t) – , α(t) – , β(t) –

.  

. 5.8 , α(t) -

-

d0 10 u(t), 

12 % ( -
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, -

Ω t =3,54 c).  

-

, . . 

, S+, 

( . . 5.9), -

2,4 %. -

6 . 

. 5.8. α(t), β(t), θ(t), )(tθ u(t) -

. 5.9. αααα(t), ββββ(t), θθθθ(t), )(tθ , u(t)
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(5.29), (5.33), (5.34)   

=
−λ=

2

1

2)()( )(
i

i
n

i
optn ddW ,     (5.45)

λ=10000. Vn . 5.10, 

-

. , 

, : . 

. 5.10. Vn

5.5.2. -

-

-

-

.  

[171]
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2
)(

s

s
ksW

α+= ,     (5.46)

k>0, α<0 − , . 

, (5.46) −

- . 

(5.46)

. 

-

, -

. -

, , 

. 

x1(t), x2(t), x1(t) −

(5.46), )()()( 12 tkutxtx −= . -

  

),()(
)(

2
1 tkutx
dt

tdx
+=           )(

)(2 tuk
dt

tdx
α=   (5.47)

(5.46) -

x1, x2; u(t)∈{+1, -1}− . 

, . . -

x1(t), x2(t) :

,111 ξ+=′ xx           ,222 ξ+=′ xx    (5.48)
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ξ1(t), ξ2(t) – , |ξ1(t)|≤N1, |ξ2(t)|≤N2, 

N1, N2 . 

, -

(5.47)

″ ″ -

.  

. .5.1.1 -

(5.16)   

−≥=

≤=
≡

++−

−−−
−

,2,0

;2,0
),(

)2()3()3(
1

)2()3()3(
1

1
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ww
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T
n

T
n

nn (5.49)

),,,( )4(
1

)3(
1

)2(
1

)1(
11 −−−−− = nnnn

T
n cccc − , w+=(x″n1, −x″n2

2, 

−x″n2, −1)T, w−=(x″n1, x″n2
2, −x″n2, 1)T − , 

21 , nn xx ′′′′ 21 , nn xx ′′

N1, N2 -

( . .4.1). 

(5.47) -

. 5.11. (5.47) , 

t x1(t)=0, 

x2(t)=−ku(t). , {x1, x2}

k=c3/2c2 x =(0, 0)

. x (T0)=(0, 

−sign(u)c3/2c2), c3, c2, -

x1, x2, (0, 0)
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),( 11 xx , 0 −

],[],[)0( 1111 xxxxVX ×=∈ XT=(0, 0), 

.5.11. , , 

, -

XT= ),( 11 xx .  

Ω : +− Π∩Π=Ω , 

{ }
11

,: x
T

x
T wvwvw ε−≥ε≤=Π −+

− ,  { }
11 ||: xww ε≤=Π + . (5.50)

(5.50) vT=(1, 1, 2+2 1N2), ),,( 2
2
21 xxxwT −=+ , 

),,( 2
2
21 xxxwT −−=− ,  

)))(0((sign 22
2
2112

2
1121

NcNcNAAwAx −+−δ−δ−−δ−=ε ,  (5.51)

[ ] ;)2()2())0((sign 1
1

2/1
21211

−++−=ε cBNccwx   (5.52)

. 5.11. -
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)(4)2( 3122
2
212

2
131

2
212 δ−−−+δ+δ−−+= NNcNcAAN ;   
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c
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A ;  (5.54)

))0()0()0()(2(4 3122
2
2132211311 δ−−−++−−δ−= NNcNcwcwcwC . 

(5.55)

-

. 5.12. 

. 5.12. 

-

Ωn , -
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: 1) -
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0),( =nn wF x1, x2.  

-

:

>≥
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Ωε≤

=

−Ξ

−Ξ
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(5.56)

-

.  

(5.56)

n, 

, (5.47), 

)1(
2211

)1(
2

)1(
1

)1( 2 jjjjjj uuxxx ξ+β−β=+− −−−− , )2(
1

)2(
1

)2(
jjjj uxx ξ+β=− −− .    

(5.57)
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β, β1, β2 − , -

k, α x1, x2 -

2)2(,2)2( 21 TkTTkT α−=βα+=β ,  Tkα=β ,     (5.58)

)2()1( , jj ξξ — -

j- , (

|ξ(1)(t)|≤N1, |ξ(2)(t)|≤N2) 1
)1( 4|| Nj ≤ξ , 2

)2( 4|| Nj ≤ξ . 

(5.47) (5.57), -

u(t), 

x1(t), x2(t). , (5.57)

, u(t) -

, . . t∈[(j-2)T, jT]. 

][],[ )( jj iββ (5.57) -

−

θ−θ
γ−−β

Δ+≤θ−β

=β
;

][

][sign4][
][]1[

,4][],1[

][ 1)(

1
)(

)(

iju

jNj
jj

Njj

j
i

i

i

(5.59)

−

θ−θ
γ−−β

Δ+≤θ−β

=β
,

]1[

][sign4][
][]1[

,4][],1[

][ 121

21

ju

jNj
jj

Njj

j (

5.60)

θ[j]=β1u[j-1]-β2u[j-2]-x(1)[j]+2x(1)[j-1]-x(1)[j-2], θ1[j]=βu[j-1]-

x(2)[j]+x(2)[j-1] − (5.57); γ[j] − -
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, 0<γ′≤γ[j]≤γ″<2 , 

β[j]<0, β(i)[j]>0; Δ −

, β[0] . 

(5.59), (5.60)

″ -1″ [79]

1
)1(
2

)1(
1

)1(
2211 4|2| Nxxxuu jjjjj ≤−+−β−β −−−−     

, 

2
)2(
1

)2(
1 4|| Nxxu jjj ≤+−β −−   

(5.61)

)(, iββ . (5.61)

(5.57)

2211 |)(|,|)(| NtNt ≤ξ≤ξ . 

(5.56) n , -

n β, β(i), -

1)1( = , 
β
β−β=

2

)2()1(
)2( , 

β
β+β=

2

)2()1(
)3( , 

)(8

)(
)2()1(

2)2()1(
)4(

β−β
β+β= ; (5.62)

β, β(i) , , n=

n-1; w(tn)

>

<
=

−

+

;0)0(),(

,0)0(),(
)(

1

1

wtw

wtw
tw

n

n

n     (5.63)
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PrΞ{⋅} −

],[],[],[),[ )4()3()2()1( −∞×−∞×−∞×+∞=Ξ . 
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