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I.  INTRODUCTION 

The problem of controlling multivariable systems 
subjected to arbitrary unmeasurable disturbances 
stated several decades ago in the paper [1] remains 
actual up to now [2]. It is important problem from 
both theoretical and practical point of view. 

Since the seventies, the so-called internal model 
method becomes popular among other methods deal-
ing with an improvement of the control system by 
exploiting the different types of plant and distur-
bances models. A perspective modification of the 
internal model control principle is the model inverse 
approach [2]. The perfect output control performance 
is an important multivariable control problem closely 
related to inverse systems. The discrete-time multiva-
riable process control systems containing the inverse 
model was proposed by one of the authors in the 
work [3]. 

Unfortunately, the inverse model approach is 
quite unacceptable if the systems to be controlled are 
square but singular because they become noninverti-
ble. It turned out that the so-called generalized in-
verse (pseudoinverse) model approach can be ex-
ploited to cope with the nonivertibility of singular 
system [4].  

The common feature of the works [1, 3] dealing 
with the control of multivariable plants is that their 
parameters are assumed to be known. Usually, the 
adaptive approach is used to cope with the parametric 
uncertainty [5], [6]. Namely, this approach was be-
fore utilized in the work [7] to controlling a multiva-
riable static plant whose transfer matrix is unknown 
but nonsingular. 

Recently, new adaptive methods have been ad-
vanced in literature [8] – [10]. However, they do not 
allow to avoid the crucial assumption with respect to 
the nonsingularity of the plant transfer matrix made 

before in the book [5, item 4.2.3] and also in text 
book [6, item 5.2.3]. In other words, the problem of 
adaptive control applicable to controlling the singular 
multivariable plant remained, as yet unresolved.  

This paper gives a new method for the adaptive 
robust control which allows to cope with the possible 
singularity of the transfer matrix above mentioned. 

II.  PROBLEM FORMULATION 

Consider a linear multivariable static plant de-
scribed by 
 .nnn vBuy   (1) 

where T],,[ )()1( N
nnn yyy   is the N-dimensional 

output vector to be measured at nth time instant 
T],,[ )()1( N

nnn uuu  is the N-dimensional vector of 
unmeasurable disturbances and 
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is an arbitrary transfer NN   matrix. 
It is assumed that the elements of the matrix B  in 

(2) are all unknown. However, there are some inter-
val estimates 

 Nkibbb ikikik ,,1,,    (3) 

with the known upper and lower bounds. This im-
plies that B  in (1) may be ill-conditioned or even 
singular, in general. Hence its rank satisfies 

.NB rank  

Suppose ,}{ )(
 i

nv  where   denotes the space 
of all bounded scalar sequences }{ nx  having the 
norm .||sup

0



 n

n
xx  Thus,  
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 ,,,1|| )( Niv i

i
n   (4) 

where i s are constant. For simplicity of exposition, 
we assume that they are known. 

Let T],,[ )(0)1(00 Nyyy   denote the desired 
output vector whose components satisfy 

 .0|||| )(0)1(0  Nyy    

The problem is to design an adaptive controller of 
the form 

 ),,,( 0
1 yyuUu nnnn   (5) 

to be able to guarantee the boundedness of all signals 
in the closed-loop system (1), (5), i.e., 

 ||)||||(||lim nnn
yu 


 (6) 

provided that the assumptions (3) and (4) take place. In 
the expression (5), NNNN

n RRRRU :  
represents a time-varying linear operator defined later. 

III.  BASIC IDEA 

Basic idea is the transaction from the adaptive 
identification of the true plant having the singular 
transfer matrix B~  to the adaptive identification of a 
fictitious plant with the nonsingular transfer matrix 
of the form 

 ,~
0 IBB   (7) 

where I  denotes the identity matrix and 0  is a 
fixed quantity. 

Although B~  as well as B  remain unknown, the 
requirement 

 0~det B  (8) 

can always be satisfied by the suitable choice of . 0  
in (7). In fact, each ith eigenvalue )(Bi  of B  lies in 
one of the N  closed regions of the complex z-plane 
consisting of all the Gerŝgorin discs [11, p. 146] 
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 (9) 

Since, at least, one of the eigenvalues )(Bi  is 
equal to zero (due to the singularity of ),B  by virtue 
of (8) there are the numbers 
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such that if  

 0|||| 1  iNi bb   (11) 

then either 0)(  i  but 0
)(


i
 or 0)(  i  but 

.0
)(


i
 These numbers define the intersection 

points of  the ith Gerŝgorin disc with the real axis of 
the complex z-plane as show in Figs 1 and 2, respec-

tively, left. In both cases, 0
)()( 

ii  if (11) is satis-

fied because )(i and 
)(i

  cannot have the same sign. 
Denote 

},,max{:},,,min{:
)()1()()1( NN    (12) 

and consider the following cases: a) |;|||   b) 

||||   (The case when ||||   can be combined 
with any two cases.) In order to go to the transfer 
matrix B~ of the fictitious plant having the form (7) in 
the case a), it is sufficient to shift the Gerŝgorin disc 
(9) right taking 

 |,|0   (13) 

as shown in Fig. 1, right. In the case b), the discs (9) 
need to be shifted left according to 

 .||0   (14) 

See Fig. 2, right. In both cases, the nonsingularity of 
B~  is guaranteed. Nevertheless, the conditions (13) 
and (14) cannot be satisfied, as yet. In fact, the num-
bers   and  given by the expressions (12) depend 

of )(i  and s)(i  defined by (10). But they are un-

known because sikb  are all unknown. 
To choose a number 0  satisfying (8), we pro-

pose the following actions. 
Define 

 |},|,|max{|:
1

)(
min ik

N

ik
k

ikii
i bbb 




  (15) 

 |},|,|max{|:
1

)(
max ik

N

ik
k

ikii
i

bbb 



  (16) 

minimizing and maximizing the right side of (10) for 
)(i  and ,

)(i
  respectively in ].,[ ikikik bbb   

Now, introduce such quantities: 
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Then 0  has to satisfy the conditions 
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Fig. 1. The Gerŝgorin discs for N = 2 in the case ||||
)1()2(   

 

 

Fig. 2. The Gerŝgorin discs for N = 2 in the case |||| )1()2(
  

 
It can be clarified that if (18) together with       

(15) – (17) will be satisfied then the condition (8) 
will without fail be ensured. 

After determining the number )( 0  we able to 
proceed to the consideration of the fictitious plant. 
Since the input variables )()1( ,, N

nn uu   and the distur-

bances )()1( ,, N
nn vv  of both true plant and fictitious 

plant are the same, this feature allows to describe our 
fictitious plant by the equation 

 ,~~
nnn vuBy   (19) 

similar to (1). In this equation, T]~,,~[~ )()1( N
nnn yyy   

denotes the output vector of the fictitious plant. 
It is interesting that the components of ny~  can be 

measured while the components of nv  in (19) remain 
unmeasurable. In fact, substituting (7) into (19) due 
to (1) we produce 

 .~
0 nnn uyy   (20) 

It is seen from (20) that ny~  can always be found 
indirectly having nu  and ny  to be measured. 

Now, our problem reduces to the known problem 
of adaptive control applicable to the fictitious plant 
(19) with the unknown transfer matrix B~  in the pres-
ence of arbitrary bounded disturbances .,, )1()1(

nn vv   

IV.  ADAPTIVE CONTROLLER DESIGN 
As in [8, chapt. 7], the adaptive control law is de-

signed in the from 

 ,~~ 1
1 nnnn eBuu 
   (21) 

where instead of the current estimate nB  of B~  is 
exploited where as the error vector  

 nn yye  0   

is replaced by 
 .~~ 0

nn yye   (22) 

with ny~  given by the expression (20). 
The adaptive identification algorithm used to de-

termine the estimates nB~  may be taken as  

 ,),,~(
~~ 20)*()(

1
)( 

  nnii
i

nn
i

n
i

n uuefbb   

 ,,,1 Ni   (23) 



50                                                                    ISSN 1990-5548   Electronics and Control Systems  2013. N 4(38): 47-53 
 
which is similar to that in [8, chapt. 7]. In this algo-
rithm,  

*( ) 0
*( ) 0

*( ) *( )

0, if | |
( , , )
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n i i i i
n i n

e
f e

e e

     
 




 
 (24) 

represents the dead-zone function depending on i  
and on an  
 ,0

ii   (25) 

and on the identification error 

 ,~~~ )(
1

)()*(
n

i
n

i
n

i
n ubye  

T  (26) 

where 
 ,: 1 nnn uuu  (27) 

 ,~~:~ )(
1

)()( i
n

i
n

i
n yyy   (28) 

and the notation T)](~,),(~[:~
1

)( nbnbb iNi
i

n   is intro-
duced. The coefficient n  is chosen as 

 20   n  (29) 

to ensure .0~det nB  The numbers ),,1(0 Nii   in 
(25) are chosen by the designer to be close to s.i  

The feedback adaptive robust control system de-
scribed in the equations (1), (20)–(29) is designed as 
depicted in Fig. 3. In this figure,   denotes the oper-
ation 
 1:  nnn xxx   

with any .nx  

 
Fig. 3. Block diagram of adaptive control system 

The asymptotical behavior of the adaptive control 
system is established in the following theorem. 

Theorem. Determine 0  using the formulas    
(15) – (18) and choose an arbitrary initial 

IBB 000
~   with )}0({0 ikbB   whose elements 

satisfy 

 .)0( ikikik bbb    

Subject to the assumptions given in the inequali-
ties (3), (4) with know s,ikb  sikb  and si  the adap-
tive control algorithm described in the equation    
(21) – (29) when applied with to the plant (1) yields 

i) the matrix sequence ,,~,~:}~{ 21 BBBn   induced 
by the identification procedure converges in a finite 
number xn  of steps such that  

 ;~~lim:~
*nnn

BBB 


   

ii) Nibbbb i
n

ii
n

i ,,1||~~||||~~|| )(
1

)()()(    at 
each ,n where ;]~,,~[~

1
)( T

iNi
i bbb   denotes the ith 

row of ;~B  
iii) the requirement (6) is satisfied. 
The validity of i)–iii) follows directly from the re-

sults obtained in [5, item 4.2.3] and applied the first-
order multivariable plant 

 ,~~~
1 nnnn vuByy     

which is equivalent to (19), however, it has another 
control vector 1:  nnn uuu  and another disturbance 
vector ,: 1 nnn vvv  bounded in norm:  2|||| nv  
(due to (4)). 
 Corollary. Under the condition of the theorem 
given before the convergence }{ nB  to a B  at the 
same number n  of steps is guaranteed and 

|||| )()( i
n

i bb   ),,1( Ni   do not increase. 
 Remark. Since ,~BBn   in general, there is no 
guarantee that the ultimate performance index which 
is achieved in the nonadaptive control system con-
taining the generalized inverse model may here be 
guaranteed. 

V.  SIMULATION 

To demonstrate some features and the efficiency 
of the proposed method, a simulation of the adaptive 
feedback control system (1), (20) – (27) for 2N  
with the elements ,2,2,4 211211  bbb   122 b  of 
B  ).0(det B  The estimates (3) were given as  

.21,20,20,51 22211211  bbbb  The 



V.N. Azarskov, L.S. Zhiteckii, K.Yu. Solovchuk  Adaptive robust control of multivariable static plants …               51 
 

 

sequences of ),2,1(}{ )( iv i
n  were generated as   

the sequences of the independent identically distri-
buted (i.i.d) pseudorandom numbers belonging to 

].1,1[  It was fixed .]3,1[0 Ty  
Using the formulas (10) – (12), the numbers 

,1)1(
min

  ,1,4,7,1
min

)2(
max

)1(
max

)2(
min

  

7max   were found. Since, it turned out, that 
|,||| maxmin

  we conclude that 10   has to take 
place to satisfy (13). Hence, 1.10   was taken. 
From the conditions ],2,0[)0(],5,1[)0( 1211  bb  

],2,0[)0(21 b  ]2,1[)0(22 b  the following initial 
estimates 9.1)0(,0)0(,1)0(,1)0( 22211211  bbbb  

of 0B  were taken. The following initial estimates 
were taken ,1.2)0(~

11 b  ,1)0(~
12 b  0)0(~

21 b  and 
.3)0(~

22 b  
Results of the simulation experiment are pre-

sented in Figs 4 and 5. They show that they are suc-
cessful. 

Furthermore, we observe from Fig. 4 that the cur-
rent estimates T)](~),(~[:~

1211
)1( nbnbbn   and 

T)](~),(~[:~
2221

)2( nbnbbn   approach to the vectors 
T]

~
,

~
[:

~
1211

)1( bbb   and ,]
~

,
~

[:
~

2221
)2( Tbbb   respective-

ly, as  n  goes to infinity.  

 

 
Fig. 4. The current estimates of the parameter vector of the fictions plant (solid line)  

and of the true plant (clashed line) 
 

 
Fig. 5. The behavior the control system: a) = the norm of control vector; b) = the norm of output vector 

VI.  CONCLUSION 

It is possible to design the adaptive robust con-
troller which is capable to controlling the linear mul-

tivariable plant whose transfer is singular. Neverthe-
less, the problem of adaptive suboptimal control of 
this plant remains open, as yet. 
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