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Abstract—Two-step hybrid asymptotic method based on perturbation methods and phase integrals (me-
thod WKB) is used to obtain approximate analytical solutions of the nonlinear problem of the vibrations of
the aircraft near the rough surface, which reduces the need for the integration of singular nonlinear dif-
ferential equation with time-variable periodic coefficients for given initial conditions. This solution is not
limited to the value of the dimensionless amplitude of perturbations and the nature of the order non-linear
restoring force. The resulting solution has the form of the sum, where each term consists of two functions
according to the method of perturbation (in scalar parameter when the nonlinear component of the original
equation) and the WKB-approximation, effective in the integration of singular differential equations with
variable coefficients. For specific numerical results, a comparison with the data of direct numerical inte-

gration of the equations of the original problem.

Index Terms—Dynamics of the aircraft; a wavy water surface; the hybrid asymptotic approach; ap-

proximate analytical solution.
I. INTRODUCTION

It is known [1], due to the influence of regular
wavy water surface of an aircraft under certain driv-
ing conditions forced vibrations in the plane of the
pitch and roll in the area. Of particular interest in
terms of the emergence of dynamic effects is the case
of joint oscillations in flight at an arbitrary angle to
the wave. Mechanical analogy of this dynamic
process can serve as a model of oscillations of a
mathematical pendulum with a vibrating at a given
law point of suspension and the length of which is a
function of time. It should be noted that the existing
solutions are usually reduced to the solution of the
Mathieu equation under the conditions that the time is
nonlinear restoring forces (in particular cubic) cha-

racter [2], and the dimensionless amplitude of the
parametric excitation of a small quantity.

In this paper, based on the hybrid asymptotic ap-
proach [3] — [5] proposed an approximate analytical
solution of the problem of the dynamics of the aircraft
near the rough surface when the time restoring forces
is nonlinear order, and the dimensionless amplitude
of the perturbation can be variable and not small,
because in this case may deteriorate the dynamic
characteristics of the aircraft.

II. PROBLEM STATEMENT

The basic differential equation. For cruising air-
craft type “Duck” design scheme of the dynamics of
the process of motion under the assumption that the
main influence on the transients in the plane of the
roll has a rear carrier wing, represented in Fig. 1.

Fig. 1. Design scheme of the dynamics of aircraft near the waved surface
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The diagram of Fig. 1 adopted the following no-
tation: inertial coordinate system moving with the
velocity (FV) uniformly in a straight line and pro-
gressively. Rigidly connected with the machine
coordinate system.

In contrast to [ 1], where nonlinearity moment cubic
restoring forces takes place, in this case the order
nonlinearity will be assumed. In this case, the diffe-
rential equation describing the rolling takes the form

Ly(t)+ny(t)+e,v(1)+cu,y" (£)=0, (1)
where ¢,,, ¢,, are determined by the expressions
of [1]:

€,=¢+¢C; ¢, =3¢ 112/(7hlz)+c2 3122/(7h22);
o =200} [ S (1+6/27 ) | )
¢, =200l / 5k (1+6/23)].

where ¢ is the velocity head, /,/, denote the se-
mispan wings; /,, h, are the relative distances be-
tween the wings and the screen; A, A, are the elon-

gations; a,, o, are the numerical coefficients, n is

the total damping coefficient.
Set

hy=h,=h"=h+1I,coswt, 3)

taking into account the periodic addition of vertical
oscillations in the pitch plane and introducing the
dimensionless time

2t=ot, @)
the basic equations of the problem in the form:

d’y dy

—+v—+(a—-2ucos2t)y+ny” =0, 5

T dt( i )y+ny (5)
where

v :Zn/(lx(x)); a 24011/([x(02);

n= 4022/(1)((02);

In the general case,
represented as:

ey (1) + vy (v)+b(7)y(¢)+My" (1) =0.  (6)

In this equation

( )I =%; b(r)zﬁ—ZcosZr;

u=al,/h=ka.

equation (5) can be

(7

where ¢ and M are the scalar parameters.

Equation (6) describes the process is singular (in
the case of smallness) nonlinear differential equations
with variable time factor. The solution of the problem
reduces generally [2] — [5], to the determination of
the stability regions using Ince-Strutt diagram with
known analytical solutions. In the general case, the
equation (6) has no analytical exact solution. Usually
in these cases, using direct numerical integration
methods or asymptotic approaches.

This paper uses a hybrid approach based on the
asymptotic perturbation method in the parameter and
the method of phase integrals (WKB method) in the
parameter [6] —[8].

III. HIBRID ASYMPTOTIC SOLUTION

In accordance with the decisions of the equation
(6) based on a hybrid approach [5], we have

y(r) = E(T){sinl(r)[q +¢ (G(yo))]
+ cosl(r)[c2 +3, (G(YO ))J},

where

E(t)= expj—%dr; I(7)= JS‘IQ(t)l/z dr;

0= -F 49|

o cosI(tV)G(yo) ;
expj.—gdrl'(T)
& =47 sinl(r)G(yo) ‘ ©)

epr.—ZdrI’(r)’

G(Yo):[Yo]m;
Yo =E(1)[¢;sinI(t)+c,cos(r)].

As an example we take the initial conditions in the
form:

1(0)=1,
v'(0)=0.

We compute the principal components of the
solution (8):

(10)

E(r):exp[—%r:l;

=2
()= exp{—%Jr % —2cos 2r};

5 12
1(T)=81I|:—VT+£—20052‘C:| dr.
M
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IV. THE NUMERICAL RESULTS cal integration of the original equation we take the

For the analysis corresponds to the assumption of following parameters:

an approximate analytical solution of direct numeri-

1

0,5 —
u=10; s=(101)°‘5=(ﬁj =0,316; v=1, a=1; v=—=0,1, E(r)zexp{—%r}=exp[—0,05r];

Yy
m
=2
O(r)= exp[—% + 2 2cos(21)} = [—0,25 107 +0,1— 2005(21)},
n

0(1)=[0,0975—2co0s2t]=0,0975[1-20,5188cos 21]|;
0(1)"* =0,0975"[1-20,5188cos 21" =0,312[1 - 20,52 cos 21]"’
= 0,312[1 —10,26co0s2t—52,634cos” 21] =0,312-3,201cos 2t —16,422cos” 21.

/2

1=0,316[O(x)

I(t)=-2,5t-0,506sin2¢—0,65sin4z, I'(t)=-2,5-1,012cos2t—2,6c0s4t;;

dr =0,316[(0,312—3,201cos27.-—16,422cos2 2r)dr.

v(t) = exp[-0,057][ ¢, sin I (1) +c,cos (1) ],
v"(t)=(~0,05)exp[-0,05t][ ¢, sinI(t)+c, cos I (1) | ++exp[-0,05t][ c.'(t)cos I (1) —c,I'(t)sinI(1)];
1(0)=0; I'(0)=-2,5-1,012-2,6=—6,112; y(0)=1[¢c,-0+¢,]=1, ¢, =1
v (0)=(-0,05)1[c,]+1-[¢,(-6,112) | =0; -0,05-6,112¢, =0, ¢ =-122,24;

v(¢) = exp[-0,051]{(~122,24)sin[-2,5¢ - 0,506 sin 2 — 0,65 sin 41]
+1-cos[~2,5¢—0,506sin 2¢ — 0,65sin 4] }.

Original equation has the form:

(0,316)" y"(¢)+0,1y"(¢) + (0,1 =2 cos 2¢) y(1) = 0;
7'(0)=(-0,05)[ =1 +1[ ¢ cos I (~2~1,012c082¢ ~2,60cos 4t) | | = 0;
¢ =0

y(t) =exp[-0,05t]cos[-2,51 —0,506sin 2T — 0,65sin 41].

V. RESULTS OF NUMERICAL IMPLEMENTATION

y

Results of numerical analysis of obtained an ap- T ) h
proximate solution are given below on Figs 2 — 7. 6F
y 5k
8 4r
3 L
ol
2 L
4 -
N
-
r _— 2 S S T S t
r— 02 04 06 08 10
02 04 0 08 0! Fig. 3. Numerical solution of the nonlinear problem

Fig. 2. Numerical solution of the linear problem (m=3)
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Fig. 4. Comparison of numerical solutions of the nonlinear
problem (m=0, m=3)
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Fig. 5. Comparison of the numerical solution of linear
and nonlinear problems
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Fig. 6. The numerical solution of the nonlinear problem
(m=100)
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Fig. 7. Comparison of numerical solutions for varying
degrees of nonlinearity

CONCLUSION

On the base of the hybrid asymptotic approach
suggested approximate analytical solution of the

Azarskov Valeriy. Doct. of Sci, prof.
Education: National Aviation University, Kyiv, Ukraine.

nonlinear problem of the dynamics of the aircraft
near the wave surface. The comparison of the results
on the base of the proposed analytical solution and
direct numerical integration of the original equation,
the solution of the problem essentially depends on the
degree m of its nonlinearity and the magnitude of the
dimensionless perturbation amplitude. At a certain
range of the time behavior of the studied system is not
sensitive to the nonlinearity exponent m. To expand
the range of variation of the scalar parameters of the
asymptotic expansion is promising to use a hybrid
WKB-Galerkin method (internal asymptotics) based
on the perturbation method (external asymptotics).
Proposed hybrid asymptotic approach can be ef-
fective in cases where the distance h of the aircraft
from the centerline of the wave is a function of time
(the presence of the AC component of the coefficient
of nonlinear) and a variable damping coefficient n,
which is promising for further research of dynamic
stability of the aircraft near the wave surface
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B. M. Asapckos, /I. 1. I'pumak. lemndyBaHHs: KOJINBaHb y 3aBJaHHSAX PyXy JiTaka

BukopucraHo ABOKPOKOBHII TiOpHIHMK aCUMITOTHYHHN METOJ, 3aCHOBaHMI Ha MeTojax Teopii 30ypeHb i (a3oBuX
inTerpaniB (Mmeron Benruens—Kpamepca—bpimmoena (BKB)) s otpumanHs HaONmkeHUX aHATITUYHUX PIlLICHb HENi-
HIWHOT 3a/1a41 KOJMBAHHS JIiTaka O CXBUIILOBaHOI TIOBEPXHI, IO 3HIKYE MOTPeOy B iHTETpaIlii 0COOIMBHUX HEMIHIHHUX
nudepeHITiaTbHIX PiBHAHB 31 3MIHHAMHU B Yaci MepiognIHIMHA KoedimieHTaMu TpH 3aJlaHUX NOYaTKOBUX yMoBax. Lle
pIlIeHHS HE 0OMEXYETHCSI BETUMIUHOIO 0€3p03MipHOT aMILIITY I 30ypeHb 1 PUPOIU MOPSIKY HENIHIHHOCTI BiTHOBIIIO-
BaybHOI crti. OTpUMaHO pPe3yibTaT, 0 Ma€ BUTIII CyMH, Jie KOKEH WICH CKIaaeThCs 3 TBOX (QYHKIIIH BiAMIOBIIHO 10
MeToay 30ypeHb (B CKaIPHOMY IapaMeTpi 3 HEJIHIHHUM KOMIOHEHTOM BuXimHoro piBHAHHS) i BKb-HaGmmwkeHHs,
e(eKTUBHMX B iHTErpamnii CHHI'YJSIpHUX Au(epeHIialbHAX PIBHAHB 31 3MIHHUMH KoediienTamu. Hamano nmopiBHAHHS 3
JIAHUMH TIPSIMOTO YHCEJIFHOTO IHTETpyBaHHs PIBHSHb BUXITHOI 3a/1a4i /U1l KOHKPETHUX YHCEIIbHUX PE3yJIbTaTIB.
Kaiouosi ciioBa: quHaMika MOBITPSHUX CyZEH; CXBHIIbOBaHA MOBEPXHS BOJM; TOpHIHE aCUMIITOTHYHE HAOJIIKCHHS;
HaONMKeHe aHaJITUYHE PIilICHHS.
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B. M. Azapckos, . [I. I'pumak. JdemndupoBanus Koaed0aHuii B 3aJa4ax IBUKEHUSI caMOJIeTa

Hcnonb30BaH qBYXIIAroBbli THOPUIAHBIA AaCUMOTOTHYECKUI METO/, OCHOBAHHBII Ha METOAaX TEOPUH BO3MYILICHUH U
(azoBeix uHTEerpasioB (Meron Benrnensi—Kpamepca— bpmnmosna (BKB)) mist moydenust mpuOIMKeHHBIX aHAIATH-
YECKUX PEIICHUN HEJMHEHHOW 3a/1aui KoJIeOaHus caMoJIeTa Yy B3BOJTHOBAaHHON MOBEPXHOCTH CHIDKAET MOTPEOHOCTH B
WHTETPallui HeMMHEWHBIX AuddepeHInanbHBIX YPaBHEHNH ¢ IEpEeMEHHBIMA BO BPEMEHH MEePHOIUIECKUME K0d3(hdu-
UCHTAMH TIPH 3aJaHHBIX HAaYaIbHBIX YCIOBHAX. DTO pEIIeHHE He OTPaHUYMBACTCSA BEIMYMHON Oe3pa3MepHON aMILIH-
TyZAbl BO3MYILEHUN M NPUPOIBI NOPSIKA HEJIMHEHHOCTH BOCCTaHABJIMBAIOLIEH cuibl. IlodydeH pesynbrar, KOTOPBIH
HUMeeT BHUJI CYMMBI, TJIe KaXXIbIi WICH COCTOUT U3 IBYX (PYHKIIHI B COOTBETCTBHHU C METOIOM BO3MYIIECHUH (B CKATSIPHOM
mapamMeTpe ¢ HEIWHCHHBIM KOMIIOHCHTOM HCXOIHOTO ypaBHeHWs) U BKB-mpubnmxenus, 3¢(heKTHBHOTO MPH HHTET-
PUpPOBaHUM CHHTYJSPHBIX Ju((QEepeHIMaNbHBIX YPaBHECHUI C mepeMeHHBIMU Kod(duiuentamu. JlaHO cpaBHeHHE C
JAHHBIMH TPSIMOTO YHCICHHOTO WHTETPUPOBAHHS YPAaBHCHUN MCXOMTHOM 3aauu JUIsi KOHKPETHBIX YHCICHHBIX PE3yilb-
TaToB.
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